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Undderr the sem of Qualitetive harmwnic snalysis we present an axtsasion of

iple covrespondence anakysis which is fitted 2o handle swenp-history

WELA
Sota iR an axploratory ey,

Prinvipat {saturss of corrvespondence anplysiz are reminded in meyis ! and 2.

1w CONRESPOMDUECE ANALYSEIS (0.AL)

Strictly speaking, C.A. is s wey of dlsolayving simllansaocusly rows and
coluans of a contingonoy tebie 25 & sst of peints in 3 low-dimensional snace.
A recent presentation in Foglish ix frecmpere {1984},
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1.1 Notatione and eguations

Lat N be a conbingency table of Wy oS £} -y columay with entries
s of e n. let By and By be the diagomal mutrices of rows and
ooty warpinal fremuencies - _ o

E}.i = Giag v{n1~ T %'1 3

Then the coordinates of the W, rows slong the 'f?i.'é%-;" exis are piven by
the wmigenvector g assoviated tn itz larpest eigervaive Ay of
S B : _
byt MD W . €13
fihe trivial solution | belng rejected)

Cpyersely the woordinates of the coltems ate given by the cligonvectors

I
~h oo BR BN

L. H i I -
#ith H&‘ﬁigzggif}zkﬂl\ Wy htve
o~ ’
Boawoy D, N' g
¥ p L
! ":’ 2 (2
g=gy B ¥b

¥
D:T N ot éé‘; N are the tables of conditional frequencies

1.2 Various presgntstions

The praceding equations have bsen redisceversd a great mambor of times
in varions contexts. Amoag them, quantification of categorical varishles
plays a great pare ¢ g and b ave vectors of catsgory scores piving

& maximal correiasion hotween the gquantified varighles {(Fishey 1940} or
optdewl Iinesr regressicen {Hirschfeld 19553,

izl sealing (Nishisote 1980} or reciprocal averoging (HIIL 1973} are
basicaily squivalent ind conzist in displaying rows and cobmms éxmgcaries
slong & singhe line an order that the coordinate of category 1, ay o
e fapart from g soaiing factor) equsi to the welghled sean of the coordizates -
of the colums categore ¥ Mg;i by and voaversely.

k|

However ali these presewtations are sssentially wnidinmensionsl and the peed
for solutius sssociated to the aigmvectors of crder 2, 3 el 3s not obvious.
It s undoubtedly the merit of F.P, Benzecri U387 of having frensformed what

L
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wan only 3 methewaticnl property Dvte ae efficient tool-of graphical data
amaiysis @ basicully bis approach comes dewm to ko principal camponent aaiysis
of buth arrays of conditiomsl fyeguenciesithe 7w percentages sre consideved
gs & net of m,  welghted points in R™ | the vector-space having » scalar
product defined by the satrix n l};1 {the chi-stuare potric).

i addition to the graphical dissiay, various index-mumbers such sz contri-
butions Lo fmertia provide helpful informations fur the Duterprotation of
the autpots.

# -~ MILTIPLE COREESPONDENCE ABLYSIS M.CWALY

Like C.A. , MLC.A. has been m:::,entai argl Tediscoversd severa) times and
iz known wider varfons mxl"”i*z-imipal compunents of scale'Gutuner (19413,

Wuantification of Type TTVigwshd (19507, Yhwogensity Anulysis™Sif (1081}
Bee Tenenhuus and Young {1985'} Jor 4 veview and Lehartemd al TH984).

The vome of mitiple correpondence analysis used here is dus 10 the following
property @ if X] and X, are the twe indicater mitrices of sire o Bad
moEm,  assodiated o the contingescy tSble ¥ » then g fopmal COrrusRORGCING
analysiy of ¥ = {X1 I Ké]' given resulsy equivalent to the CA, of X

The coordioutes of the colums of X are proportional to 3 and B .

2.7 Hotatrions and eauations

he dutn consist in 8 set of o observations of 1 caregorical wariables
X, X, "‘"%p with m' L wy . ooy =, categories.

% is the spormatrix of indicator variable X = (X, 1 X, l...a'}}:p}

0= ﬁlfi O

i
;
O By

B W'Y, the so-called Burt’s matvix is the mi*srray of 431 bivariate
crost-tables

the superdiaganal array of catgpory couais.

B, Mpeeoo N

B = afm 1}2:“.“.?53;,
! ~
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M.C.A. gives a graghical display of the n observations and of the il
categories of the p variables.

3 zik} and a{k} are the respeetive vedtors of coordinates slong the
kth axiz then

Talsa® o ;5 o
% BZ A &

- P L
Apart From a scaling factor,the ccordinate of each obsexrvation i the iean
of the coordinates of the categoriss if belongs to !
I 1 :
gy 5 X2 _ IR A

and the courdinate of cach category is the rean of the toordinates of the
sbwservitions which belong 1o them :

2 ”;?;r ol g (5

fuatdons (3} to {5} are those of corvepondence analysis where X stands
insrend of N in oquutions {13 and (7).

2.8 MLA. as @ extension of princinal compengnts mnalysds.

The varisbles z give extremal values to the sum of thelr sguare corvelation
ratic with the X j {Saporta 1980)

b
max I

_1n2{§;xj} (6
J=

This property is similar to that of principel components ¢ of p  standare

dized variables 51 £2 ave H:thp

P2 j -
where X @7 ¢ 5 27} A8 maximized.

b

MC.A. Is thus o generalization of wsual principal components to nouinnd
varisbles.

359

Burthemore, M.C.4. is a partiaular case of mnhmar orincipal cmmts
anulyais where one looks for the maximan of ;: ECE ; ) over

[ Fa

and UK the zsj being here stepfuctions (seo Nmmods , Pousse {1976),
De Lesnw (318823 3.

GUALITATIVE HARMONIC ANALYSIS (.M,8.,)

Presented by Devilie wxl Saports {39805 a3 un extension of the Xaghiinen-
Loove decompesition of vhul wvalusd storhastic processes to categoricsl ones,
Q.H.A. is d generalization of multiple correspindence analysis for handliing
event-history date ‘th continueus time | Seperta (1981), Deville (1982}, .

Deville and Saporta (T983), Do leeuw (1984). We ontlise here sope of its

propertiss.

3% Fleld of spplicstion

G.HA, Bomdles dets which are o set of trajectories of & céwgmim
stachastic nrotess: with & finite mmber of states, say m, each chservation
is & seqmance of stotes and dates of trapsition during a time isterval

£03 71 {whore transitions may appear at any time)

i & PR 3 I " 'y

?
o T

-

Evalution of mevital status of & sanple of french wamen are studied in
Neville (198%) and Deviile-Saports {1983}, De lLevuw, Van der Heijden,
Kreft (1984) present time-activity data {with & ddscrete timed.

At ey t between O and T a categorical varisbie X, is thus known.
The problem is to deal with an fofinite set of ¥, 1 of cowrse if there is
a finite mmber of observatiomand a finite mmber of transitiens, there is
only @ finite mmber of distinct ¥, but the theory of Q.H.A. works for
an feven not countable) infinity of X .
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3,7 Noration

7 will e the Tditator varisble of state x at tlm 1 :

observation i belongs %o the x~th category of ¥ at time t 1§{i} =

:_’;; (i} = 1 if

if not.

X, is the mm  matrix of the Indicatoy wiriables at time t.

¢

Thus }Ei X3=Nts 45 the mos watix with elessnts 1{’? = pumbey of

chservations being in sategory X ot time t and in category y &f tlme & .

Xp X, =N, is the dlagonal mukriz of marginal Frequencies of the m states
at ‘:im £

1 x)" X X = W Tt W, is the trwwition matrix fron time & 1o time
5., i,ts alm are the conditiconal Frecmencios of being in stme catuumry
y at tim s keowing the catsgory at time £ {potice That t is not

necessarily less than 8 3 .

3.3 The method

Whe look fer o display of observations with tire-imvarient coordinates,

Using the critevium of M.C.A. the vector 2 of coordinaves of the n obsers
vations along an axis should mexisdze

T 2
[ kg e o
o ) -1
AT

ENE

stnee w0 Lz ; ¥
i is solution of the following eigenequation.
T -1
- v El
sge [ % ™ xp o ] ®
Hguation 4%} 3s & matvizeegustion of the form Uz » A where § ds

matyix of size n which has un J.nferestlng “Anteroretation du terms of
inter~individual simiisrities |
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ER (Ntt;) Xy is = pn. matrie where element (i,3) is zexs if observatiens i
and § aremt in the same category st time © s 3.;’:2
if cheervations 1 and § are in the same eategory R at tiee tr 3 and
are m similar if they teiong both to & seldom category with & saadl value
of nt than 10 2 copmom tne,

Q s then an integrated matrix of similarities snd coondisates of individasls
aTe given by the sucoessive eigerwectors of their similarity metrix iike

in classical scaling or principal coordinate analvsis.

¥nowing the vector 2 of womdinates of the n cbservations along sn =xis,
it xsnamzwdamlaymmmm x of 3 at thee £ as the wean of
the z;t points r:ams;:m&ﬂg 6 observatimns which are actuaily in mwgary p

at time t.

The veodor & * { a; ¢ s% . rer o x afg} of these coordinates is such that
wl ,
8- {Ntt} {Xt} Z 4]

A pasy substitution in  (8) pives the Integral equstivn :
T ’
Ag, « ‘{0 Wt W) 3, o)

It may be proved that 3 ent -5_;_; are casonical wvarisbles of the follaumg
problem in the captaxt of carginical aalysis of two ¢ valgebras Daaeois-
Pousse (18763), Data are probability measures over the product space

Hx ¥ xM (0 spece of chservations, M spate of states) and we Jook
for functions of 2 and Amctions of T ¥ maximally corrslated

Saporta (981}, ' )

1€ changes of categories van only ocourr at fixed equeily-spaced instamts
O.t;)%p0 v £, T, integrals ave finite sums and equetions (8) and (00D
begome

P

-1 '
R I uen
w - E X, (x{ X" 9t
R L Rt (9"
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tr in terms of the supermatrices X w (X, 3 Xz e K3

My o Ny Ny 11
se SIS v () |
Yot R Nop

{”Nﬁ“’m ‘ e ‘ B

whigh are the mﬁ%&s of mpitiple corvespondence analysis of X apart
from the ¢onptant o v

3.4 Wmm fmiigﬁm

Except for the praviee partiosiss mm,, &mtm {&3 mﬁ {2‘8} wre ot
tractable t though for a Sinits- swgz‘i& wpantion {ii}é;f is por & true integrs)
ouuation bt & matriv equation {siace there is » flndte neber of Instanis
of transition, integral redices o A s Bub the sin of equation (8}

aad (10} are elther the muber of observerions, or the aabsr of detes.

of transition for all ohservations, ’

So, we have to discretine thae fnto p periods

ity » "1_3 NI SNV 2 PR {tﬁm , t?} of length Ty » Ty e Tp 3
with ;Eji T=T and look for solution 8, shich are piecevise constunt.

It is equivaient 1o approximate the provess of the imdicator varisbles - “2'3:
by a plecewise constant yectar-pitoess. - '

Since, in the mean-square Sense, the best approximgtion of a Amnction by
a vonstant is its mesn it comes down to repluce each trajectory 3 by
a sequence of positive nombers t‘}‘ (i} where t’;,{:}.} ix the time spéat
by chservation i in the state x during the pariod Itj% . tji

Equatlm (8) and (10) are then equations of mrramtm&eﬂca ana&iysis
of the foktowing nx mp table
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1 2 ] 1 2 X n 2 WA
1
2
N v PR

i [ s @@ | SO reianee G0
n L first " second pgh . A

period peried ; . peried :

b33 %
where £ty {i%.=T. for ewery i

¥t 4 RAPER

¥f the subdivisich is such that eagf}{ chservation passes st most one tiwe in
each state there is no Ioss of infompation.

3.5 Decorposition of t?ﬁe.z.aigaml-w_

Since each sigenvalue X 1is yroportiongd o

T @
jl £
£ xad

2
{a’;} a

miﬂ”ﬁ

We are zble to dufine the contributions of various envities o tw sigrnvalues o

5o &
contritstion af instant U ;k:.i 2;@ {&’;} '
T

contribution of category x ot time b o

23{ i
¢ .
gl

which gre useful for imterpreting the principel aves.

T
cumslated contribution of catsgury x © L}
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with Yow soxification corrasponderse mlysls way liandle imii?:.dusl
eategoriont time-yeries for mimtéry ptargam ‘ms» ; ;
gobabilistic medel pust be coumd : :
Howewer the Link- petveen éesqﬁ;;t \m t’e@m & i
of. processes’ s}m:zdbe of & gm pies Wﬁzg pamits nf f@.mlitanve '. -
Hmmziac Anatysis for spardand W! %WM w be o mciuus help
For miel 1igg rm-ixfe Szwim ’

\ meit
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