N
N

N

HAL

open science

An Extension of a Lyapuov Approach to the
Stabilization of Second Order Coupled Systems
Mohamed Ali Jendoubi, Thierry Horsin

» To cite this version:

Mohamed Ali Jendoubi, Thierry Horsin. An Extension of a Lyapuov Approach to the Stabilization
of Second Order Coupled Systems. ESAIM: Control, Optimisation and Calculus of Variations, 2020,

26, pp.19. 10.1051/cocv/2019075 . hal-02941579v1

HAL Id: hal-02941579
https://cnam.hal.science/hal-02941579v1
Submitted on 18 Sep 2020 (v1), last revised 7 Mar 2022 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://cnam.hal.science/hal-02941579v1
https://hal.archives-ouvertes.fr

AN EXTENSION OF A LYAPUNOV APPROACH TO THE
STABILIZATION OF SECOND ORDER COUPLED SYSTEMS

THIERRY HORSIN AND MOHAMED ALI JENDOUBI

ABSTRACT. This paper deals with the convergence to zero of the energy of the
solutions of a second order linear coupled system. It revisits some previous
results on the stabilization of such systems by exhibiting Lyapunov functions.
The ones used are constructed according to some scalar cases situations. These
simpler situations explicitely show that the assumptions made on the operators
in the coupled systems seem, first, natural and, second, give insight on their
forms.

1. INTRODUCTION, FUNCTIONAL FRAMEWORK.

Let us consider a quite general coupled system in abstract form

. uw' + Bu + Aju+aCv =0

M v + Agv + aC*u = 0,
where A; and As and C are, in general, unbounded operators. F. Alabau and al.
considered in [4], the case when C' = Id, and A; and As are densely closed linear self-
adjoint coercive operator and B is a coercive bounded self-adjoint operator. They
proved that if |a|||C|| < 1 then the energy of the solution (u,v) in polynomially
decreasing under quite large assumption on A; and As. In this paper our main
concern is the case A2 = A? which is a special case of the aforementioned paper.
When A; = Az and |of||C|| < 1, A. Haraux and M.A. Jendoubi proved in [9] (see
also [8]) the polynomial convergence to 0 of the energy by means of a Lyapunov
method.
As we previously said, in this paper, we investigate such a method in the case when
Ay = A? and C = A? with 3 € [0, 3]. The main result of this paper is Theorem 4
which also proves the polynomial convergence to 0 of the solution (u,v). Compared
to the result in [4, p. 144, Proposition 5.3], the convergence that we obtain is in
weaker norms, but requires less regularity on the initial data.

Let us mention that the stabilization of such systems settled in abstract form has
been widely studied and many results are connected to those in our papers. The
case when A; and A, are unbounded operators, and C' is a bounded was considered
by F. Alabau in [3] and by F. Alabau and al in [5] where the polynomial statibility
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2 THIERRY HORSIN AND MOHAMED ALI JENDOUBI

is proven. The optimal energy decay was proven in [11] in the case A; = Ay = A,
C =1 and B = AY where v < 0. The indirect stabilization of abstract coupled
equations is also considered in [1] [2] [7] [6].

Nonlinear damping are also currently investigated. See e.g. [12] .

In order to motivate the Lyapunov function that we construct in the proof of
our main result, we explain the strategy in section 2 in the framework of a coupled
scalar differential system.

In section 3 we introduce the functional framework and an existence theorem
that lead to state and prove our main result, namely Theorem 4.

2. A LYAPUNOV FUNCTION FOR THE SCALAR CASE

As mentioned in the preceding section, we consider the (real) scalar coupled
system

v +u A u+co=0
(2)

v+ pv+cu=0

where A, 1 > 0, and ¢ are such that 0 < ¢? < A\u. The damping coefficient is set to
1 for simplicity but a time scale change reduces general damping terms bu’ to this
case. In order to shorten the formulas, let us introduce for each solution (u,v) of
(2), its total energy

1
Elu, v’ v,0") = 3 [u’Q + 0%+ M+ ;wQ] + cuv.

Then we have for all ¢t > 0

—E&(u,u’,v,0") = —u'?.
il )

Now we introduce .
K(t) = 5 [u'2 + v+ 2 + qu] .
Our first result is the following
Proposition 1. There are some constants n > 0, § > 0 such that
VE>0 K(t) <ne %K(0).

Proof. For all € > 0 we define the function

(3) H. =& —evv' + 2eud + %(uu’v — duv’).
c

It is easy to check that

(4) C1K(t) < H.(t) < CLK(t)

where

NoyiP
G) O = A“Tu"s me%max(\/X,\/ﬁ)

VAL |c] 2 3
(6) Cs = 'UT—;—FE m—l—mmax(\/x,\/ﬁ)
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In fact, using Young’s inequality, we get

_ c |c] A 2P
T < 2757
o] = Y] < f[ 2

2¢ A u'?
Rew| = Z=/Nullu| < 2= |22 4
VA 2

VA 2

3e 3e , 3e u? oy

- = < 2= Z L F

s = N 2|C|\/ﬁ[ -

3e 3e 3e u? 2

“ | = VWV < Z VL
| = g AVAR < VA g+

Then we deduce

[ 2 3/ u 1 3V | v?

H. < |1 v — v
© = _+5(f+2lcl)]2+ i <ﬁ+2lcl> 2 "

Ay pe

[, _le 2 3] A L (L, 3A
_HMH(W%')]Q e (ﬁw)]

As Ay
It is clear that for all ¢ € {1,2,3,4}
A’L S 027

where C5 is given in (6). A similar proof gives similar inequalities for C;.

Let £1 > 0 the value of & such that C defined in (5) is equal to 0. Let € € (0,¢1).
In this case C; becomes positive.
A straightforward computation gives

H = —u?—ev? — e +2eu? + 2eun” + z (= Nu'v" + pu"v — Auv”]
= —(1—2e)? — v + ecuv + epv?® — 2eunt — pedu? — 2ecuv
+;E (1 — Nu'v' — pu'v — phuv — pev? + Aeu? + Apuv]
= —(1-2e)? —ev?— )\E%UQ - /LE%’U — 2eun’ — ecuv

3 3
—/w%u'v +(pn— )\)E%u'vl.

Now we have

A (u + Tcuv + %UQ)

_ c \2 w2\
= )\|:(’U/+X’U) +(X—F)’U:|
)\,u;c2v2-

\u? + 2cuv 4+

Y

o=
S

2



4 THIERRY HORSIN AND MOHAMED ALI JENDOUBI

Similarly, we get
Ay — 2
Mu? + 2cuv 4+ p? > p—c u?,
I

and then

2 A
Using Young’s inequality, we can find some constants ¢y, ce, c3 > 0 such that

A —c? (1 1
Au? + 2cuv + ,uv2 > p—c (—u2 + —02)
I

1
[2uu’| < @()\u — A+ cu'?

3 1
2—C|,uu’v| < ﬁ()\u — A)? + cou'?;

23|u — A’ < %1/2 + czu/?.
c

Finally we obtain
H < —(1—(2+c1 +eg+ce3)e)u — %v'Q - i(/\u — A — i(/\u — ).
Now by choosing € € (0,e1) such that 1 — (24 ¢1 + ¢c2 + ¢3)e > 0, some constant
C3 > 0 can be found such that
H. < —C5K(t).
By combining this with the inequality (4), we get for all t > 0
C
HL(t) < —=2H.(t).
Co
We conclude the proof by integrating this last inequality and using (4) again. O

3. THE CASE Ay = A%, AND C = AP wirH 8 € [0, 2]

This section is devoted to the proof of Theorem 4. In order to proceed we first
introduce the functional framework and give an existence theorem.

3.1. Functional framework. Let H be a separable Hilbert space, whose norm and
scalar product will be denoted || - || and (-, ) respectively. We consider A : H — H
an unbounded closed self-adjoint operator such that the injection D(A) C H is
dense and compact. We assume moreover throughout the paper that there exists
a > 0 such that

(7) Vu € D(A), (Au,u) > alu,u).

Following for example the exposition given in [10], by denoting (A, )nen+ the in-
creasing sequence of eigenvalues of A, the largest a for which (7) is true is A;.

Besides, let us consider (e, )nen+ an orthonormal basis of H constituted by eigen-
o

vectors of A. For any 8 > 0, we consider u = Z(U,€i>€i,€ H (vwe H <

n=1

u,ei2<oo,andwesetAﬁ:H%H iven b
g Y
n=1

8) APy = Z Af(u, ei)e;

i=1

—~~
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then (see e.g. [10])

D(AP) = {ue H, Y N’(u,e;)? < oo}
i=1
and A? is an unbounded self-adjoint operator such that the inclusion D(A®) c H
is dense and compact. We also have

9) Vu € D(AP),  (APu,u) > alu,u),

for some a > 0. The largest a for which this inequality is true being )\f .
As usual we write A° = Id. In this case of course the operator A® is a continuous
linear operator on H.

We will denote V = D(A'/2?) and W = D(A). Thus V and W are Hilbert spaces

whose norms || - ||y and || - ||w are given respectively by
lullv = [[AY2ull,  [lullw = || Au].
We have, if we identify H with its dual
(10) WcVcHcCV cwW
with dense and compact injections when the norms on the Hilbert spaces V' and
W' are given by
Vue V', ullv = (u, A )/,
and
Vue W', ullwr = (u, A 2u)li

where (-, )y v denotes the action of V' on V' (with a similar notation for W). Of
course when u € H one has

lullv: = (A w2, ullwe = (A2, )2,
Let us remark that with these definitions A maps continuously V to V' and A?

maps W to W'.

3.2. Existence result. Let « and 8 two reals numbers with § > 0. We recall that
we consider the problem

(11)

u +u + Au+ aAPv =0
v+ A%+ aAPu=0

which can be rewritten as the first order system

w —w=0

v —2=0
(12)
w + Au+w+ aAPv =0

2+ A% + aAPu = 0.
Let us first establish an existence and uniqueness result for (11).
We concentrate on the case 3 € [3, 3], the case 8 € [0,1) being easier.

202
Let us consider
H: =V xW x Hx H.
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For two elements of H U; = (u;, v;, w4, 2;), © = 1,2, we define
(U, Us)y == (Aug,ur)vrv + (A%v2,01)wr,w + (w1, wa) + (21, 22)
+OA<A’6’U2,U1>V/1V + OZ<ABu2,’Ul>nyw,

where (-, )y v denotes the usual duality pairing between V and V', with similar
notation for W, while (-, -) denotes the scalar product on H for which it is a Hilbert
space.
It is straightforward to prove that (-, )% defines a scalar product on H for which
it is a Hilbert space provided that
3-28
(13) la] <Ay 2.

From now on we assume that (13) holds true.
We now consider the unbounded operator A : H — H defined by

D(A) := {U = (u,v,w, 2) € H, (—w, —z, Au+ aAPv + w, A%v + aAPu) € H}
and for U = (u,v,w, z) € D(A)
AU = (—w, —z, Au + aAPv + w, A%v 4+ aAPu).

It is clear that A has a dense domain in H.
Let us remark that for any U = (u,v,w, z) € D(A) one has

(AU, UYyy = —(Au,w)yry — (A%, 2)wr w + (Au+ aAPv + w,w) + (A%0 + aAPu, 2)
—a(APv, wyyr v — a(APu, 2)we o,
and therefore (AU,U) = ||w||* > 0. Indeed
(A% + aAPu, 2) = (A%v + adPu, 2)wr w,

since APu € W' for B € [1,3/2] and u € V = D(AY/?).
Let us show that I + A is onto. For this we take (f, g, h,k) € H. We want to find
(u,v,w,z) € D(A) such that
u—w=f
v—z=g
Au+ aAPv +2u=h+2f
A2+ aAPutv=k+g.
We define @ : (V x W)? — R by
D(uy,v1,us,v2) = <A1/2u1, A1/2U/2> + (Avy, Avg) + 04<A’6’U1, u2)vr.v +
alAuy, AP Lug) v v 4 2(uy, ug) + (v1,v9).
Clearly @ is continuous on V' x W. It is also clear that ® is coercive if we assume
o] < A7
By the Lax-Milgram theorem, there exists a unique (u,v) € V' x W such that
V(du,dv) € Vx W, &(u,v,du,év) = (h+2f,0u) + (k+g,v).
We therefore get
Av+adPut+v=g+k
Au+ aAPv + 2u = h+ 2f.
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Now if we denote w =u — f and z =v — g then w € V since u, f € V and z € W
since v,g € W.
We have thus proven that 4 is maximal monotone. By classical theory, we get that

Theorem 2. For any (ug, vo, u1,v1) € H, there exists a unique solution to (11) in
C([0,7],H) x C*([0,T], D(A)").

Remark 3. It is also well known that if (ug, v, u1,v1) € D(A) then the solution
to (11) belongs to C([0,T], D(A)) N C*(0,T,H).

3.3. Main result of the paper. Our main result is the following

Theorem 4. Assume 3 € [0,2] and o # 0. Let (u,v) be a solution of (11) such
that (u(0),u'(0),v(0),v'(0)) € H, then there exists a constant ¢ > 0 such that

B _ B _ =1 B8
ve>0, (AT )5 + AT O + 1A u®) [ + A2 0@
& .
< < [l O + 10 O + [[w(O)I + 0(O)y] if 8 € [0,1];

=B =B 1-p _B
ve>0, (A=W O + 1A VOl + 1A u®) + AT o)
c . 3
< < [l O + 10" O + [ + 0 O] i 8 € 1, 3]

Remark 5. If we replace (11) by
1) W'+ By + Au+ aAPv =0
v+ A% 4+ aAPu =0

where, as mentionned in the introduction, B is a bounded self-adjoint operator on
H for which there exists u > 0 such that

(Bu,u) > pl|ul|,
the results of Theorem 2 and Remark 5 remain true.
Remark 6. If we replace (11) by
u” + Bu' + Au + aAPv =0
{ v 4+ Agv + aAPu =0

where A, is a self-adjoint unbounded operator such that D(As) = D(A?) and there
exist v1, vo > 0 such that

Vu € D(As), v1(A%u,u) < (Agu,u) < vo(A%u,u),

and if B is as in the remark 5, the result of Theorem 4 remains true provided |«
is small enough (depending on A;, 14 and vs).

Remark 7. In the case 8 = 0, in order to obtain the decay of the energy, we must
assume
A%u(0) €V, A%v(0)e W, A%/(0)c H, A*/(0)¢c H.
In the paper [4], the authors obtain such a decay with merely
Au(0) €V, A%(0) € W, Ad'(0)e H, A%*/(0) € H.
We, of course, would expect that the energy decay also holds with
(u(0),v(0),u'(0),v'(0)) € D(A)

but unfortunately we are not able to prove it for the moment being.
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Proof of Theorem 4. All the computations below will be made assuming that
(ug,vo,u1,v1) € D(A) which ascertains them. By density and continuity the in-

equalities stated in Theorem 4 remain true.
3-28

Let us also recall that « satisfies |a] < A; 2 .
We introduce the energy of the system by

E(t) = % [l @I + 10" @I + lu@)I + lo®1F] + alAv,u).

Then we have
E'(t) = —[lu'())]*.
Let p > 1 and € > 0 two real numbers to be fixed later and let
H. = E —e)7P{AP=20, 0 Yy + pe AT (A%, 0w + pe [/, v)ywr — (u, A )|
where p = 2223277 and ¢ = min 0,1 — ). We find easily
p 2a M
H. = /|2 = AT 245~ By — a7 (A7 20,0 b + pedy | ARy
—peN] YA, ' + Au + aAPvYyw + pe(u! v Y wr — pe(u’, A7 Yy
—pe(u/ 4+ Au+ aAPv, vy + pelu, ATHA%0 + aAdPu))w
— B _ — _ — a
= - AR R, NP (AP 20, A2 1 ad )+ peT AR,
—peAT (A%, Yy — peAT AT ul|Z — peA] (A%, APV + pelu v
_ 8 B=1
—pelul, AWy — pe(ul oy — peall ARl + peall AF ul,
_ "2 228 Aﬁﬂ "2 228 Aﬁ 2 N2B o (ABP—2y. AP A A% 12
= W7 =X I AR T s + e[ AR ol +eAT T alAT 0, APuywr + pedr AR [y
—peAT (A%, vy — peAT AT ||, — peA] (A%, APV + pelu v
8 B
—pe(u, A7 Yo — pelu! vhwe — peall AZu|}y + peal ATl

a+1

= WP + pAT AR s — XTI AR TRy — AT A

p—1 o B
ullfy = P5=X AR ol

tpeal| AT |2, + e P a(AP 20, APu)wr — peAT (A%, W) — peA] (A%, APv)y
+pe(u, v Yy — pelu’, A7 Yy — pe(u), v)w.
First case : § € [0,1]. In this case a = 0. We have

_ B_ 1 p—1 o_ 8
H = —|/|* +pellu[Fy — eXT P A2~ |y — pel| Az ullfy — ¢ 5 AP AT vlf3,

+p€a||A%uH%V/ + eX2TP (AP0, APu)wr — pelu,u Y — pealu, APv)y

+pe(u, v Yy — pe(u’y A7 Yy — pe(u), v)w.

Now since
B-1 1 1 1
HA 2 UH%/V’ S W(AU,U%/[// = WHAQUH%/V”
1 1
we get
_ B _ p—1 1 p—1 o_ 8
H < —|lu/||? + pellu/ [, — eX; 7| A=~ |3y — 5 elAzullf, —e 5 AP Az

+E)\§*5Q<A5—2U’Aﬂu>w, — pe(u, u ) —p5a<U,ABU>Wf

+pe( v Yy — pe(uly A Yy — pe(u), v)w.
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Let us remark that

_ _ _ B 38
eXTPa(AP 20, AUy < eXTTP || AT ol lw || AT 2w
— B 1
< Xl AT vllwr —=z [ A2 ullw
A 2
£-1 8 1
< e ? afllAzvlfwe || AZullwe
and that
B B
—peafu, APv)yr < pela||AZv|lw | AT ulw
E B 1
< ped? |of[[A2vllwe || AZullw
Thus

sx\ffﬁo&Aﬁ*Qv, APu)yr — pealu, APy

£-1 8 1 B-1 8 1
eX” lal[[AZollw[|AZullw: + peX, * lall|AZv|lw || AZullw

<
73 Lol A}
< N Tlal(p + D|AT w4 ul
B-1 [0 1 1 B
< e o iyl (s1aku + patolp, )

where we choose v > 0 such that

o

p—1 B=1 p—1 o_ B-1 «
1) 6=t a Ty (=l e

— >0
2’y>

which is equivalent to

B—1

Al 1 -1
Dl |
(p—1)AY A2 (p+ 1)
This choice is possible provided that
2 3-28
p+1 AY
16 < .
1o (75) <%
Now we choose p > 1 such that (16) is satisfied. Then we have

HL = =[P+ pelle [y — XTI AT By — edl|AZullf — el A% ol
—peu, v Yy + pe(u’ v Yo — pelu/, A7 Y wr — pelu’, v)we.
Now let us observe first that if one considers some U € W' one has
A1) Uy = (U, A 0w = (AY20, 4320y = AU 3,
Second, since u’ € V, one has Au’ € V'. Therefore according to (17) we have
(18) AW, = AV
Moreover A'/?u' € H, thus, one has
(19) AWy, = [|AY20 |2, = (AL AV, A2y = o).
According to (19), since

(W', vy = (Au/, A7 Yy,
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we have

[(Au', A1 Yy |

[ Au || [ A7 [
[/ AT [

(', v )w|

IA A

Yet we have

1 1
A I < 5 (APA™ N AW )y = — | A5 |3
Al Al
Using Young’s inequality, we find some constants ¢y, ¢, c3, ¢4 > 0 such that

0, (1
—plu,uw)wr < erl|[u|* + A% ully s (9 defined by (15))

2—
o0 < / 2 A § [15——1 112
plu’, v )ywr < eo|u’||” + ——| llw

-~ /\2 b5
Pl A7 Y < ol + o [ A3y

—pl 0w < e ||? + gHAgvH%V, (¢ defined by (15)).

By choosing ¢ small enough, we find a constant n = n(p,e) > 0 such that for all
t>0

8 8
HL < = (12 + 1AF 0 g + ARl + AT o)
Let

B =5 (145 Ol + 145 01 + 147 w1 + AT o)y

+a(A%P 2, w)

N~

and
8 _ 8 _ s
K(t) = | A1/ ()3 + AT @) 3 + 1A u(®) 3 + A5 o)
For all t > 0, we have
— [ AS T ()
Then E is nonincreasing. Observe that

_laf

_ 8
| (AP0, | < —= = 1A= w(t) [ | AZ 0 () |,
A7
from which we deduce that

3-28
A2 = e = _ A ° +af

(20) AR < B < UK Q),
22X ° 22X 7

Now since

8_ =1 1 1
A= ()l < ——5 [l A= u(®)lwr < ——5 A% ullwr,
Al A

then there exists a constant v > 0 such that for all ¢ > 0
(21) H! < —yK(u,v,u’,v").
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From (21), assuming e possibly smaller in order to achieve positivity of the quadratic
form H., we get

/0 K(u(s),v(s),u'(s),v'(s)) ds < %HE(U(O),v(O),U’(O),v’(O))-

Using inequality (20), we obtain

3-28
20 2 b 1
#/ E(u(s),v(s),u (s),v'(s))ds < —H(u(0),v(0),4'(0),v'(0)).
A2 A allo 7
Now since E is nonincreasing, it follows
N
~ 4ol
B(u(t) o(0) (0, 0'(1)) < 2 (0), 0(0), (0, /(0)).
227y
Using inequality (20) we get
A2 +lo] 1
+ |«
K (u(t),v(t),u (t),v'(t)) < ;iﬂ—EHg(u(O),U(O),u’(O),U’(O)).
(A ? = el

Second case : 3 € (1,3]. In this case a =1 — 8.

- 1-8 — 8_ — _8 p—1 o_ 8
HL = =)+ pedyAZ oy — a0 P YA 70 By — peX] AT Bulhy — BT AR

+p€a||A%uH%V/ + eXTP (AP0, APu)yyr — peXTHAY P )
—peX) Tt AT Pu, APy + pe(ul 0w — pe(u, AT Yy — pelu, v)w

Now since
s-1 1 _ 1 _8
HA 2 UHTQ/V’ S TM<A2 ﬂU,U>W/ = TQﬂHAl QUHTQ/V”
Ay AT
we get
1y 418 By 4B p—1 - _8
H < —|[/)? +peX{ A /||, —eXT™7) A 1v'l\%w—?€kf Az,
-1 4_ _ _
L A2 ﬂ||A§U||%V, + eXTP (AP0, APu)yr — pe X THAY P )

2
—peX) Tt AT Pu, APy + pe(ul 0 )ywe — pe(u, AT Y — peu v

Let us remark that

_ _ _ s 35
eXi (AP 20, APuy < e ol AT u|lwe | AT 2ullwe
_ 8 1 _8
< e\ ﬂ|0<|||142U||W’WHA1 2l
1
_ s s
< e all AT ollw | A 2l

and that

—peNI T (A By, APoyy < e al|AZ ol lw | AN F ullwe,
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we therefore get

NP (AP 20, APuy s — peNi T (AY P, APy

_ B _B — B _B
< Nl AT ollw AT Sullws + peXd ol [ A% vl A Sl
_ B _B
= o+ DX alllAZolwe AT F s
g ol

_ _8 1, .8
A+ DI (1Al + 2patul, )

where we choose v > 0 such that

p—1.51 B—1 |af P—1.2p B—1 |af
==X - 1)—~ >0, =2 - A 1)— >0
5 M 1 (P+)27 ¢ 5 M i+ )27
which is equivalent to
N (p+Dla ___p-!
(p— 1A (p+1)lal
This choice is possible provided that
2 3-28
p+1 Al
22 < .
. t5) <%
We choose p > 1 such that (22) is satisfied. Then we have
_ -8 _ 8 ] 8
HL < |2+ ped! ™M AT s — eXy P AN ] — edl| AT Bl — e A% ol

—peXITHAY Py ) + pe(ud 0 Y — pe(u!, AN Y — pelul, o).

By use of Young’s inequality we deduce that there are ¢y, co, c3, ¢4 > 0 such that

_ 0 8
A THA ) < el + S A2 ully,

i 12 )‘%_B 1.2
plu’, v )wr < coflu|| + ==l A= iy,
1 2 AT 1,2
pelu’, A7 hwr < eallu||P + == (147 gy,

B
ol v < call |2+ S AT

By choosing ¢ small enough, we find a constant n = n(p,e) > 0 such that for all
t>0

H. < = (/12 + 1AF 71y + 14T Fulify + 1A% ol
Let
B =1 [IAF w0 Ry + AT V@R + 1A u@)R + 14 F0(0) | v, uw
and

=B =B 1-8 _B
K@) = A7 ()3 + A7 0 @) + 1A )3 + A" 20() |3
For all t > 0, we have
B = A5 @)
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Then FE is nonincreasing.

Since o]
o 1-8 _8
(v, wyw| < ==z 1A= u(t)lw || AT Zu(t)||lw
1
then we get
7 o o]
A2 —a ~ A2+ o
(23) L K(t) < E<—F0—K(1).
20 ° 27 ?
Now since
_B 1 B_ 18 1 _8
[A7=20' () llw < = 1421 lwr, A= u(®)lwr < — A" 2 ullwr,
Al 22
i
then there exists a constant v > 0 such that for all ¢ > 0
(24) H! < —yK(u,v,u’,v").

From (24), assuming ¢ possibly smaller in order to achieve positivity of the quadratic
form H., we get

/0 K(u(s),v(s),u'(s),v'(s))ds < %HE(U(O),v(O),u’(O),v/(O)).
Using inequality (23), we obtain
2>‘137TQZ3 = ’ ’ l / ’
W/o E(u(s), v(s),u'(s),v"(s)) ds < WHE(U(O%U(O),U (0),4(0))-

AT +af

Now since E is nonincreasing, it follows

3—28

- A2 +lall
BG(®) o0, (1), 1) < U (0), 0(0),0/(0), v/ (0).
207 v
Using inequality (23) we get
3-28
A2 Flaf 1

K (u(t),v(t), ' (t),v'(t) <

(}\ﬂ | |) ;HE(’U,(O),’U(O),u/(O),’Ul(O)).
17 —lal)y

4. EXAMPLES

This section is devoted to giving examples of operators to which Theorem 4
applies.
Example 1 : The first case that we consider is when H = L?(2) and

0 0
Au=—3_ a—%(aij%jux

ij=1
where the coefficients a; ; € C*(Q) satisfy
(25) aij = i, Vi,

and the matrix (a; ;) is uniformly coercive on Q. With these assumptions we have
D(A) = H*(Q) N H ().
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Example 2 : The second example considered is H = L%*(Q), D(A) = {u €
H?(Q), 2% =0 on 99}, and

on
Au = —Au + pyu,

where p; > 0.
Here we can, as in [4] consider the case where

D(As) = D(A?), Asu = A%u + pou,

where pa > 0.
Example 3 : Let us remark that due to remark 6 and the Poincaré inequality,
our result applies to the case when A; = A is as in example 1 and Ay = A? + (A
for any ¢ > 0.
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