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�#�2�+���m�b�2 �+�H���b�b�B�+���H �Q�#�b�2�`�p�2�`�b �#�v �i�?�2�K�b�2�H�7 ���`�2 �M�Q�i �2�[�m�B�T�T�2�/ �r�B�i�? �2�t�T�H�B�+�B�i �;�m���`���M�i�2�2�b �B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �m�M�F�M�Q�r�M

�/�2�i�2�`�K�B�M�B�b�i�B�+ �T�2�`�i�m�`�#���i�B�Q�M�b�X �h�?�B�b �B�b�b�m�2 �K�Q�i�B�p���i�2�b �i�?�2 �T�`�2�b�2�M�i �r�Q�`�F�X �>�2�`�2�- ���M ���T�T�`�Q���+�? �M���K�2�/ �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�`

�7�`���K�2�r�Q�`�F �?���b �#�2�2�M �T�`�Q�T�Q�b�2�/�X �h�?�B�b ���T�T�`�Q���+�? �/�B�z�2�`�b �7�`�Q�K �i�?�2 �+�H���b�b�B�+���H �Q�M�2 �#�v �+���H�+�m�H���i�B�M�; �� �H�Q�r�2�` ���M�/ �m�T�T�2�`

�#�Q�m�M�/ �7�Q�` �i�?�2 �b�i���i�2�X �h�?�B�b ���T�T�`�Q���+�? �r���b �B�M�i�`�Q�/�m�+�2�/ �7�Q�` �i�?�2 �}�`�b�i �i�B�K�2 �B�M �(�R�8�) ���M�/ �?���b �#�2�2�M �2�t�T���M�/�2�/ �i�Q �p���`�B�Q�m�b

�r�Q�`�F�b �7�Q�` �#�Q�i�? �+�Q�M�i�B�M�m�Q�m�b�@�i�B�K�2 �b�v�b�i�2�K�b ���M�/ �/�B�b�+�`�2�i�2�@�i�B�K�2 �Q�M�2�b �(�R�e���k�R�)�X

�J�m�+�? �`�2�K���B�M�b �i�Q �#�2 �/�Q�M�2�X �h�?�B�b �T���T�2�` ���B�K�b �i�Q �/�2�p�2�H�Q�T �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �#���b�2�/ �K�Q�M�B�i�Q�`�B�M�; �b�i�`���i�2�;�v�X ���b

�R�k�k�y



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�b�?�Q�r�M �B�M �6�B�;�m�`�2�R�- �B�i�b �i�v�T�B�+���H �b�+�?�2�K�2 �B�b �+�Q�K�T�`�B�b�2�/ �Q�7 �i�r�Q �`�2�K�Q�i�2 �b�B�/�2�b�, �i�?�2 �/���i�� ���+�[�m�B�b�B�i�B�Q�M ���M�/ �+�Q�M�i�`�Q�H �b�B�/�2

���M�/ �i�?�2 �`�2�K�Q�i�2 �T�H���M�i �b�B�/�2 �H�B�M�F�2�/ �p�B�� �� �M�2�i�r�Q�`�F�X

�6�B�;�m�`�2 �R�X�h�?�2 �i�v�T�B�+���H �L�L�*�a �b�+�?�2�K���i�B�+�X

�h�?�2 �/���i�� ���+�[�m�B�b�B�i�B�Q�M ���M�/ �+�Q�M�i�`�Q�H �b�B�/�2 �b�m�T�2�`�p�B�b�2 �i�?�2 �`�2�K�Q�i�2 �T�?�v�b�B�+���H �b�v�b�i�2�K�X �"�2�7�Q�`�2 �i�?�2 �i�`���M�b�K�B�b�b�B�Q�M

�T�`�Q�+�2�b�b�- �i�?�2 �/���i�� �T���b�b �i�?�`�Q�m�;�? �� �b���K�T�H�B�M�; �b�i���;�2�- �r�?�B�+�? �B�b �/�Q�M�2 �r�B�i�? �� �+�Q�M�b�i���M�i �T�2�`�B�Q�/�X

�q�2 �+�Q�M�b�B�/�2�` �M�Q�M�H�B�M�2���` �M�2�i�r�Q�`�F�2�/ �+�Q�M�i�`�Q�H �b�v�b�i�2�K�b �U�L�L�*�a�V �+�H���b�b �b�m�#�D�2�+�i �i�Q �m�M�+�2�`�i���B�M �M�2�i�r�Q�`�F �/�2�H���v�b �B�M

�#�Q�i�? �K�2���b�m�`�2�K�2�M�i ���M�/ �+�Q�M�i�`�Q�H �+�?���M�M�2�H�b�X �.�B�z�2�`�2�M�i �7�`�Q�K �K���M�v �r�Q�`�F�b �b�i�m�/�v�B�M�; �Q�M�H�v �i�?�2 �+���b�2 �Q�7 �b�K���H�H �M�2�i�r�Q�`�F�@

�B�M�/�m�+�2�/ �/�2�H���v�b ���b �B�M �(�R�R�) �Q�` �+�Q�M�b�i���M�i �M�2�i�r�Q�`�F�@�B�M�/�m�+�2�/ �/�2�H���v�b �(�d�-�R�j�)�- �r�2 �i�`�2���i �� �L�L�*�a �b�m�#�D�2�+�i �i�Q �H���`�;�2 �U�H�Q�M�;�2�`

�i�?���M �i�?�2 �b���K�T�H�B�M�; �T�2�`�B�Q�/�V ���M�/ �i�B�K�2 �p���`�v�B�M�; �/�2�H���v�b�X �h�?�2�b�2 �/�2�H���v�b ���`�2 �m�M�F�M�Q�r�M �#�m�i �#�Q�m�M�/�2�/ �r�B�i�? �F�M�Q�r�M

�#�Q�m�M�/�b�X �6�B�`�b�i�- �b�B�M�+�2 �M�Q�i ���H�H �i�?�2 �b�i���i�2�b ���`�2 ���p���B�H���#�H�2 �B�M �T�`���+�i�B�+�2�- �� �H�Q�+���H �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �B�b �T�`�Q�T�Q�b�2�/ �i�Q �+���H�+�m�H���i�2

�i�?�2 �T�H���M�i �b�i���i�2�b �U�b�2�2 �6�B�;�m�`�2�R�V�X �q�2 �2�M�b�m�`�2 �B�M�T�m�i�@�i�Q�@�b�i���i�2 �b�i���#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �2�`�`�Q�`�b�X �h�?�2�M�-

���7�i�2�` �� �}�M�B�i�2 �i�B�K�2 �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �Q�7 �i�`���M�b�K�B�b�b�B�Q�M �/�2�H���v �B�M �i�?�2 �K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�- �i�?�2 �b�i���i�2

�T�`�2�/�B�+�i�Q�` �T�`�Q�p�B�/�2�b �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b �7�Q�` �2���+�? �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�b �r�B�i�? �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �m�M�F�M�Q�r�M

�#�m�i �#�Q�m�M�/�2�/ �m�M�+�2�`�i���B�M�i�B�2�b �U�B�X�2�X �/�B�b�i�m�`�#���M�+�2�b ���M�/ �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�b�V �i�Q �+�Q�K�T�2�M�b���i�2 �+�Q�K�K�m�M�B�+���i�B�Q�M �/�2�H���v�b�X

�h�?���M�F�b �i�Q �i�?�2 �b�i���i�2 �T�`�2�/�B�+�i�Q�` �Q�m�i�T�m�i�b�- �i�?�2 �`�2�K�Q�i�2 �T�H���M�i �b�i���i�2 �B�b �`�2�+�Q�M�b�i�`�m�+�i�2�/�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7

�i�?�B�b �T���T�2�` ���`�2 �/�B�z�2�`�2�M�i �7�`�Q�K �(�k�k�) ���M�/ �Q�p�2�`�+�Q�K�2 �B�K�T�Q�`�i���M�i �T�`�Q�#�H�2�K�b �B�M �L�*�a �b�i�m�/�B�2�b�X �h�?�2�b�2 �K�Q�/�B�}�+���i�B�Q�M�b �+�Q�M�b�B�b�i

�Q�M �i�r�Q �K���B�M �B�K�T�Q�`�i���M�i �T�Q�B�M�i�b�, �}�`�b�i�H�v�- �B�M �(�k�k�) �� �H�Q�+���H ���M�/ �B�M�b�i���M�i���M�2�Q�m�b �B�M�T�m�i �b�B�;�M���H �r���b �+�Q�M�b�B�/�2�`�2�/ �r�?�B�H�2 �B�M �i�?�2

�T�`�2�b�2�M�i �+�Q�M�i�`�B�#�m�i�B�Q�M�- �r�2 �7�Q�+�m�b �Q�M �`�2�K�Q�i�2 �B�M�T�m�i �b�B�;�M���H �i�`���M�b�K�B�b�b�B�Q�M �i�?�`�Q�m�;�? �� �/�2�H���v�2�/ �+�Q�M�i�`�Q�H �+�?���M�M�2�H�- �r�?�B�+�?

�B�b �Q�7�i�2�M �i�?�2 �+���b�2 �Q�7 �`�2���H ���T�T�H�B�+���i�B�Q�M�b�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �L�*�a �B�b �K�Q�/�2�H�2�/ ���b ���M �m�M�F�M�Q�r�M �B�M�T�m�i �/�2�H���v �b�v�b�i�2�K�-

�r�?�B�+�? �K���F�2�b �i�?�2 �/�2�b�B�;�M �Q�7 �Q�m�` �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` ���M�/ �Q�m�` �T�`�2�/�B�+�i�Q�` �Q�7 �b�i���i�2 �+�?���H�H�2�M�;�B�M�;�X �a�2�+�Q�M�/�H�v�- �i�?�2 �`�Q�#�m�b�i�M�2�b�b

�Q�7 �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �B�b �/�B�b�+�m�b�b�2�/ �B�M �Q�m�` �r�Q�`�F �#�v �;�m���`���M�i�2�2�B�M�; �B�M�T�m�i�@�i�Q�@�b�i���i�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �2�`�`�Q�`�b�X

�h�?�2 �Q�`�;���M�B�x���i�B�Q�M �Q�7 �i�?�B�b �T���T�2�` �B�b ���b �7�Q�H�H�Q�r�, �a�2�+�i�B�Q�M�k�/�2�b�+�`�B�#�2�b �b�Q�K�2 �m�b�2�7�m�H �M�Q�i���i�B�Q�M�b ���M�/ �T�`�2�H�B�K�B�M���`�B�2�b�X

�a�2�+�i�B�Q�M�j �T�`�2�b�2�M�i�b �i�?�2 �b�v�b�i�2�K �m�M�/�2�` �+�Q�M�b�B�/�2�`���i�B�Q�M�X �h�?�2 �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �/�2�b�B�;�M �B�b �/�2�p�2�H�Q�T�2�/ �B�M �a�2�+�i�B�Q�M�9�X

�a�2�+�i�B�Q�M�8 �B�M�p�2�b�i�B�;���i�2�b �i�?�2 �T�`�2�/�B�+�i�Q�` �i�2�+�?�M�B�[�m�2�X �� �M�m�K�2�`�B�+���H �2�t���K�T�H�2 �B�b �;�B�p�2�M �B�M �a�2�+�i�B�Q�M�e �i�Q �p���H�B�/���i�2 �i�?�2

�i�?�2�Q�`�2�i�B�+���H �/�2�p�2�H�Q�T�K�2�M�i�b�X �6�B�M���H�H�v�- �i�?�2 �T���T�2�` �2�M�/�b �r�B�i�? �+�Q�M�+�H�m�/�B�M�; �`�2�K���`�F�b ���M�/ �b�Q�K�2 �Q�T�2�M �T�`�Q�#�H�2�K�b�X

�R�k�k�R
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�L�Q�K�2�M�+�H���i�m�`�2�,
�*���L �*�Q�M�i�`�Q�H�H�2�` ���`�2�� �L�2�i�r�Q�`�F
�*�h �*�Q�M�i�B�M�m�Q�m�b �a�B�;�M���H
�.���a �.���i�� ���+�[�m�B�b�B�i�B�Q�M �a�B�/�2
�.�a �.�B�;�B�i���H �a�B�;�M���H
�A�a�a �A�M�T�m�i�@�i�Q�@�a�i���i�2 �a�i���#�B�H�B�i�v
�L�*�a �L�2�i�r�Q�`�F�2�/ �+�Q�M�i�`�Q�H �b�v�b�i�2�K�b
�L�L�*�a �L�Q�M�H�B�M�2���` �M�2�i�r�Q�`�F�2�/ �+�Q�M�i�`�Q�H �b�v�b�i�2�K�b
�_�S�a �_�2�K�Q�i�2 �S�H���M�i �a�B�/�2
�a�T �a���K�T�H�B�M�;
�h�*�S �h�`���M�b�7�2�` �*�Q�M�i�`�Q�H �S�`�Q�i�Q�+�Q�H
�l�.�S �l�b�2�` �.���i�� �S�`�Q�i�Q�+�Q�H

�k�X �S�`�2�H�B�K�B�M���`�B�2�b�- �/�2�}�M�B�i�B�Q�M ���M�/ �M�Q�i���i�B�Q�M�b

�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �T���T�2�`�- �i�?�2 �b�v�K�#�Q�H�bR ���M�/N �b�i���M�/ �7�Q�` �i�?�2 �b�2�i�b �Q�7 �`�2���H ���M�/ �M���i�m�`���H �M�m�K�#�2�`�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2

�2�B�;�2�M�p���H�m�2�b �b�2�i �Q�7 �� �K���i�`�B�tA 2 Rn � n �B�b �M���K�2�/� (A) ���M�/Re(z) �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�2���H �T���`�i �Q�7 �i�?�2 �+�Q�K�T�H�2�t �M�m�K�#�2�`

z �X �h�?�2 �b�2�i �Q�7 �>�m�`�r�B�i�x �K���i�`�B�+�2�b �7�`�Q�K �i�?�2 �b�2�iRn � n �B�b �/�2�M�Q�i�2�/ �#�vH �- �B�X�2�XR 2 H , Re(� ) < 0; 8� 2 � (R) �X �q�2

�/�2�M�Q�i�2M ���b �i�?�2 �b�2�i �Q�7 �J�2�i�x�H�2�` �K���i�`�B�+�2�b �7�`�Q�K �i�?�2 �b�2�iRn � n �- �B�X�2�XR = f r ij gn
i;j =1 2 M , r i;j � 0 �7�Q�`i 6= j:

�6�Q�` �� �p���`�B���#�H�2x(t) 2 Rn �- �i�?�2 �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b ���`�2 �/�2�M�Q�i�2�/ �#�vx(t) 2 Rn ���M�/x(t) 2 Rn �- �`�2�b�T�2�+�i�B�p�2�H�v�-

�b�m�+�? �i�?���ix(t) � x(t) � x(t) ���M�/ �i�?�2 �`�2�H���i�B�Q�M� �b�?�Q�m�H�/ �#�2 �B�M�i�2�`�T�`�2�i�2�/ �2�H�2�K�2�M�i�r�B�b�2 �7�Q�` �p�2�+�i�Q�`�b ���M�/ �K���i�`�B�+�2�b�-

�B�X�2�XA = ( ai;j ) 2 Rn � m ���M�/B = ( bi;j ) 2 Rn � m �b�m�+�? �i�?���iA � B �B�7 ���M�/ �Q�M�H�v �B�7ai;j � bi;j �7�Q�` ���H�Hi 2 f 1; :::; ng

���M�/j 2 f 1; :::; mg; i; j 2 N�X

�6�Q�` �� �K���i�`�B�tR 2 Rn � m �- �/�2�}�M�2R+ = max f 0; Rg ���M�/R� = R+ � R �X �h�?�2 �K���i�`�B�t �Q�7 ���#�b�Q�H�m�i�2 �p���H�m�2�b

�Q�7 ���H�H �2�H�2�K�2�M�i�b �Q�7 �� �K���i�`�B�tM 2 Rn � m �B�bjM j = M + + M � �X �h�?�2 �p�2�+�i�Q�`Ep �B�b �b�i���i�2�/ �7�Q�`(p � 1) �p�2�+�i�Q�` �r�B�i�?

�m�M�B�i �2�H�2�K�2�M�i�b�- ���M�/I n �/�2�M�Q�i�2�b �i�?�2 �B�/�2�M�i�B�i�v �K���i�`�B�t �Q�7n � n �/�B�K�2�M�b�B�Q�M�X �a�m�T�2�`�b�+�`�B�T�iT �/�2�M�Q�i�2�b �i�?�2 �i�`���M�b�T�Q�b�2

�Q�7 �� �K���i�`�B�t �Q�` �� �p�2�+�i�Q�`�X �h�?�2 �b�2�iK �B�b �i�?�2 �b�2�i �Q�7 �+�Q�M�i�B�M�m�Q�m�b �B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M�b
 : R+ ! R+ �r�B�i�?
 (0) = 0 �X

���H�b�Q �r�2 �/�2�M�Q�i�2� 2 KL �B�7� (�; t) 2 K �7�Q�` ���H�Ht � 0 ���M�/� (r; �) �B�b �+�Q�M�i�B�M�m�Q�m�b ���M�/ �b�i�`�B�+�i�H�v �/�2�+�`�2���b�B�M�; �i�Q �x�2�`�Q �7�Q�`

���H�Hr > 0�Xk:k �`�2�7�2�`�b �i�Q �i�?�2 �b�i���M�/���`�/ �k�@�M�Q�`�K�X

�G�2�K�K�� �R�(�R�e�) �G�2�ix; x; x 2 Rn �#�2 �p�2�+�i�Q�`�b �b���i�B�b�7�v�B�M�;x � x � x ���M�/A 2 Rn � m �#�2 �� �i�B�K�2�@�B�M�p���`�B���M�i �K���i�`�B�t�X

�h�?�2�M�- �i�?�2 �B�M�2�[�m���H�B�i�B�2�b �#�2�H�Q�r �?�Q�H�/�,

A+ x � A � x � Ax � A+ x � A � x: �U�R�V

2

�.�2�}�M�B�i�B�Q�M �R�(�R�8�) �� �+�Q�M�i�B�M�m�Q�m�b�@�i�B�K�2 �H�B�M�2���` �b�v�b�i�2�K �/�2�}�M�2�/ �#�v_x(t) = Ax (t) �B�b �+���H�H�2�/ �+�Q�Q�T�2� �̀��i�B�p�2�- �T�Q�b�B�i�B�p�2 �Q�`

�M�Q�M�M�2�;���i�B�p�2 �B�7A 2 M �X 2

�G�2�K�K�� �k�(�R�8�) �*�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,

�
_x(t) = Ax (t) +  (t);
y(t) = Cx(t);

�U�k�V

�r�?�2� �̀2 (t) �B�b �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M ���M�/A �- C ��� �̀2 �F�M�Q�r�M �K���i�`�B�+�2�b�X �a�m�T�T�Q�b�2 �i�?���i �i�?�2� �̀2 �2�t�B�b�i �i�r�Q �F�M�Q�r�M

�+�Q�M�i�B�M�m�Q�m�b�@�i�B�K�2 �7�m�M�+�i�B�Q�M�b (t) ���M�/ (t) : R ! Rn �b���i�B�b�}�2�/ (t) �  (t) �  (t) �- �7�Q�` ���H�Ht � 0�X

�R�k�k�k



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�A�7 �i�?�2� �̀2 �2�t�B�b�i�b �� �;���B�ML �b�m�+�? �i�?���i(A � LC ) 2 H \ M ���M�/x0; x0; x0 2 Rn �- x0 � x0 � x0 �- �i�?�2�M �i�?�2 �b�v�b�i�2�K�,

�
_x(t) = Ax(t) +  (t) + L(y(t) � Cx(t))
_x(t) = Ax (t) +  (t) + L(y(t) � Cx(t))

�U�j�V

�B�b ���M �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �7�Q�` �U�k�V ���M�/x(t) � x(t) � x(t) �- 8t � 0�X 2

�.�2�}�M�B�i�B�Q�M �k�(�k�j�) �*�Q�M�b�B�/�2�` �i�?�2 �M�Q�M�H�B�M�2���` �b�v�b�i�2�K

_x = f (x; u); �U�9�V

�r�B�i�?f (x; u) 2 Rn �- �i�?�2 �b�v�b�i�2�K �U�9�V �B�b �B�M�T�m�i�@�i�Q�@�b�i���i�2 �a�i���#�H�2 �U�A�a�a�V �B�7 �7�Q�` ���M�v �B�M�T�m�iu 2 Rm ���M�/x0 2 Rn �i�?�2� �̀2

�2�t�B�b�i �7�m�M�+�i�B�Q�M�b� 2 KL ���M�/
 2 K �b�m�+�? �i�?���i

jx(t; x 0; u)j � � (x0; t) + 
 (kuk); 8t � 0: �U�8�V

2

�j�X �L�*�a �/�2�b�+�`�B�T�i�B�Q�M ���M�/ �T�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M

�A�M �i�?�B�b �r�Q�`�F�- �r�2 ���B�K �i�Q �b�m�T�2�`�p�B�b�2 �� �`�2�K�Q�i�2 �M�Q�M�H�B�M�2���` �T�?�v�b�B�+���H �T�H���M�i �/�2�b�+�`�B�#�2�/ �#�v�,

�
_x(t) = Ax (t) + F (u(t); y(t)) + w(t);
y(t) = Cx(t) + v(t);

�U�e�V

�r�?�2�`�2x 2 Rn �- y 2 Rp ���M�/u 2 Rm �`�2�T�`�2�b�2�M�i �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2 �b�i���i�2�- �i�?�2 �Q�m�i�T�m�i ���M�/ �i�?�2 �B�M�T�m�i�b �Q�7 �i�?�2 �T�?�v�b�B�+���H

�T�H���M�i�- �r�?�2�`�2w 2 Rn ���M�/v 2 Rp ���`�2 �i�?�2 �2�t�i�2�`�M���H �/�B�b�i�m�`�#���M�+�2�b ���M�/ �i�?�2 �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2

�7�m�M�+�i�B�Q�M�bu �- v �- w ���`�2 �+�Q�M�i�B�M�m�Q�m�b�X �h�?�2 �7�m�M�+�i�B�Q�MF (u(t); y(t)) 2 Rn �B�b �� �;�H�Q�#���H�H�v �G�B�T�b�+�?�B�i�x �M�Q�M�H�B�M�2���` �7�m�M�+�i�B�Q�M�X

�h�?�2 �K���i�`�B�+�2�bA ���M�/C ���`�2 �i�r�Q �F�M�Q�r�M �+�Q�M�b�i���M�i �K���i�`�B�+�2�b �r�B�i�? �+�Q�K�T���i�B�#�H�2 �/�B�K�2�M�b�B�Q�M�b�X

�"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �7�m�`�i�?�2�`�- �r�2 �K���F�2 �b�Q�K�2 ���b�b�m�K�T�i�B�Q�M�b �Q�M �i�?�2 �T�?�v�b�B�+���H �T�H���M�i �K���i�`�B�+�2�b�X

���b�b�m�K�T�i�B�Q�M �R�h�?�2 �T���B�`(A; C ) �B�b �/�2�i�2�+�i���#�H�2�X

���b�b�m�K�T�i�B�Q�M �k�h�?�2 ���/�/�B�i�B�p�2 �/�B�b�i�m�`�#���M�+�2�b ���M�/ �i�?�2 �K�2���b�m� �̀2�K�2�M�i �M�Q�B�b�2 ��� �̀2 �m�M�F�M�Q�r�M �#�m�i �#�Q�m�M�/�2�/ �r�B�i�? �� �T�`�B�Q�`�B
�F�M�Q�r�M �#�Q�m�M�/�b�,

w � w(t) � w; jv(t)j � V Ep; 8t � 0 �U�d�V

�r�?�2� �̀2w; w 2 Rn �- V 2 R+ ���M�/Ep �B�b ��(p � 1) �p�2�+�i�Q�` �r�?�Q�b�2 �2�H�2�K�2�M�i�b ��� �̀2 �2�[�m���H �i�Q �R �U�b�2�2 �a�2�+�i�B�Q�M�k�V�X

�.�B�b�+�m�b�b�B�Q�M�b �Q�7 �i�?�2 ���b�b�m�K�T�i�B�Q�M�b�,���b�b�m�K�T�i�B�Q�M�R�B�b �`�2�[�m�B�`�2�/ �7�Q�` �`�2�K�Q�i�2 �T�?�v�b�B�+���H �T�H���M�i �b�i���i�2 �2�b�i�B�K���i�B�Q�M�X �A�i

�K�2���M�b �i�?���i �i�?�2�`�2 �2�t�B�b�i�b �� �+�Q�M�b�i���M�i �K���i�`�B�tL �b�m�+�? �i�?���i �i�?�2 �K���i�`�B�tA � LC �B�b �>�m�`�r�B�i�x�- �r�?�B�H�2 ���b�b�m�K�T�i�B�Q�M�k
�K�2���M�b �i�?���i �i�?�2 �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�b ���M�/ �/�B�b�i�m�`�#���M�+�2�b ���`�2 �m�M�F�M�Q�r�M �#�m�i �#�Q�m�M�/�2�/�X �"���b�2�/ �Q�M �i�?�2�b�2 ���b�b�m�K�T�i�B�Q�M�b�-

�r�2 �r�B�H�H �/�2�b�B�;�M �i�?�2 �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�X

�h�?�2 �M�2�i�r�Q�`�F �B�M�/�m�+�2�b �i�r�Q �m�M�+�2�`�i���B�M �/�2�H���v�b�,da(t) ���M�/dm (t) �r�?�B�+�? �`�2�7�2�` �i�Q �i�?�2 ���+�i�m���i�B�Q�M ���M�/ �i�?�2

�K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�b �/�2�H���v�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �/�2�H���v �7�m�M�+�i�B�Q�M�b ���`�2 �m�M�F�M�Q�r�M �#�m�i �#�Q�m�M�/�2�/�,

0 � da � da(t) � da ; 0 � dm � dm (t) � dm ; 8t; �U�3�V

�R�k�k�j



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�r�?�2�`�2da �-da ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2 �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b �Q�7da(t) ���M�/dm �-dm ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2 �m�T�T�2�` ���M�/

�H�Q�r�2�` �#�Q�m�M�/�b �Q�7dm (t) �X

�a�m�T�T�Q�b�2 �i�?���id ���M�/d ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v �i�?�2 �K���t�B�K�m�K ���M�/ �i�?�2 �K�B�M�B�K�m�K �i�`���M�b�K�B�b�b�B�Q�M �/�2�H���v�b �r�?�B�+�? �K���v

�Q�+�+�m�` �Q�p�2�` �M�2�i�r�Q�`�F �H�B�M�F�b �b�m�+�? �i�?���i�,

d = max f da ; dm g; d = min f da ; dm g: �U�N�V

�*�Q�M�b�B�/�2�`�B�M�; �i�?�2 �M�2�i�r�Q�`�F�@�B�M�/�m�+�2�/ �i�B�K�2 �/�2�H���v �B�M �i�?�2 ���+�i�m���i�B�Q�M �+�?���M�M�2�H�- �i�?�2 �T�H���M�i �U�e�V �+���M �#�2 �K�Q�/�2�H�2�/ ���b �B�M�T�m�i

�/�2�H���v�2�/ �b�v�b�i�2�K�,
�

_x(t) = Ax (t) + F (u(t � da(t)) ; y(t)) + w(t)
y(t) = Cx(t) + v(t):

�U�R�y�V

���b�b�m�K�T�i�B�Q�M �j�q�2 ���b�b�m�K�2 �i�?���iu(t � da(t)) �B�b �#�Q�m�M�/�2�/�X

�G�2�if tk ; k 2 Ng �#�2 �i�?�2 �b�2�[�m�2�M�+�2 �Q�7 �b���K�T�H�B�M�; �B�M�b�i���M�i�b �b�m�+�? �i�?���itk+1 � tk = T ���M�/ lim
k !1

tk = 1 �- T �B�b

�i�?�2 �b���K�T�H�B�M�; �T�2�`�B�Q�/ ���M�/tk �B�b ���M �B�M�+�`�2���b�B�M�; �b�2�[�m�2�M�+�2 �b�m�+�? �i�?���itk = kT �X

�"�2�7�Q�`�2 �B�i�b �i�`���M�b�K�B�b�b�B�Q�M �Q�p�2�` �i�?�2 �M�2�i�r�Q�`�F�- �i�?�2 �/���i�� �K�m�b�i �#�2 �b���K�T�H�2�/�X �h�?�m�b �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b ���`�2

�+�Q�M�b�B�/�2�`�2�/�X

���b�b�m�K�T�i�B�Q�M �9�(�R�k�) �h�?�2 �b���K�T�H�B�M�; �M�2�i�r�Q�`�F�@�B�M�/�m�+�2�/ �/�2�H���v�b �B�M �+�Q�M�i� �̀Q�H ���M�/ �K�2���b�m� �̀2�K�2�M�i �+�?���M�M�2�Hda(tk ) ���M�/

dm (tk ) � �̀2�b�T�2�+�i�B�p�2�H�v�- ��� �̀2 �m�M�F�M�Q�r�M �#�m�i �#�Q�m�M�/�2�/ �r�B�i�? �� �T�`�B�Q�`�B �F�M�Q�r�M �#�Q�m�M�/�b ���M�/ �i�?�2 �m�T�T�2�` �#�Q�m�M�/d �B�b ���b�b�Q�+�B���i�2�/

�i�Q �#�2 �� �K�m�H�i�B�T�H�2 �Q�7 �i�?�2 �b���K�T�H�B�M�; �T�2�`�B�Q�/T �X

���b�b�m�K�T�i�B�Q�M �8�(�R�k�) �6�Q�` ���M�v �/�B�b�+� �̀2�i�2�@�i�B�K�2 �B�M�b�i���M�itk � d�- �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �+�Q�M�i� �̀Q�H �b�B�;�M���Hu(tk ) �- �i�?�2

�B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �Q�m�i�T�m�iy(tk ) ���M�/ �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �b���K�T�H�B�M�; �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�bz(tk ) �- z(tk ) �+�Q�m�H�/

�#�2 �b�i�Q� �̀2�/ ���M�/ �m�b�2�/ �7�Q�` ���H�Htk 2
�
tk � d; tk

�
�X

�L�Q�i�2 �i�?���i ���b�b�m�K�T�i�B�Q�M�9�B�b �`�2�H���i�2�/ �i�Q �i�?�2 �`�2���H �+���b�2 ���M�/ �+���M �#�2 �7�`�2�[�m�2�M�i�H�v �b���i�B�b�}�2�/ �B�M �T�`���+�i�B�+�2�X ���b�b�m�K�T�i�B�Q�M�8�B�b

�M�2�+�2�b�b���`�v �7�Q�` �i�?�2 �T�`�2�/�B�+�i�Q�` �/�2�b�B�;�M�X

���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�- �i�Q �b�m�T�2�`�p�B�b�2 �`�2�K�Q�i�2�H�v �� �L�L�*�a �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �b�v�b�i�2�K �U�R�y�V �/�2�b�T�B�i�2 �M�2�i�r�Q�`�F

�+�Q�M�b�i�`���B�M�i�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�+�2�M���`�B�Q �B�b �T�`�Q�T�Q�b�2�/�,

�@�h�?�2 �B�M�T�m�i �b�2�i �T�Q�B�M�i �;�2�M�2�`���i�B�Q�M �U�A�X�a�X�S�X�:�V �/�2�H�B�p�2�`�b �� �/�B�;�B�i���H �B�M�T�m�i �b�B�;�M���Hu(tk ) �r�?�B�+�? �B�b �T���+�F�2�/ ���M�/ �b�2�M�i �p�B��

�� �+�Q�K�K�m�M�B�+���i�B�Q�M �H�B�M�F �U���+�i�m���i�Q�` �+�?���M�M�2�H�V �i�Q �i�?�2 �`�2�K�Q�i�2 �T�H���M�i �b�B�/�2�X

�@�h�?�2 ���+�i�m���i�Q�` �M�Q�/�2 �`�2�+�2�B�p�2�bu(t � da(t)) �i�?�`�Q�m�;�? �i�?�2 �>�Q�H�/ �U�x�2�`�Q �Q�`�/�2�` �?�Q�H�/ �7�Q�` �2�t���K�T�H�2�V ���M�/ ���T�T�H�B�2�b �B�i �Q�M

�i�?�2 �T�`�Q�+�2�b�b �B�M�T�m�i�b�X

�@�"���b�2�/ �Q�M �i�?�2 �K�2���b�m�`�2�/ �T�`�Q�+�2�b�b �Q�m�i�T�m�iy(t) ���M�/ �i�?�2 �K�2���b�m�`�2�/ �T�`�Q�+�2�b�b �B�M�T�m�iu(t � da(t)) �- �i�?�2 �B�M�i�2�`�p���H

�Q�#�b�2�`�p�2�` �;�B�p�2�b �� �;�m���`���M�i�2�2�/ �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b �2�M�+�H�Q�b�B�M�; �i�?�2 �b�v�b�i�2�K �b�i���i�2�b �Ux(t) �- x(t) �V�X

�@���7�i�2�` �#�2�B�M�; �b���K�T�H�2�/ �r�B�i�? �i�?�2 �}�t�2�/ �T�2�`�B�Q�/T �- �i�?�2 �2�b�i�B�K���i�2�/ �b�i���i�2 �p�2�+�i�Q�` �B�b �T���+�F�2�/ ���M�/ �i�`���M�b�K�B�i�i�2�/ �i�Q �i�?�2

�/���i�� ���+�[�m�B�b�B�i�B�Q�M �b�B�/�2 �i�?�`�Q�m�;�? ���M�Q�i�?�2�` �H�B�M�F �U�K�2���b�m�`�2�K�2�M�i �+�?���M�M�2�H�V�X

�R�k�k�9



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�6�B�;�m�`�2 �k�X�h�?�2 �B�M�i�2�`�p���H �2�b�i�B�K���i�Q�`�@�#���b�2�/ �T�`�2�/�B�+�i�Q�` �b�+�?�2�K���i�B�+�X

�@�� �b�i���i�2 �T�`�2�/�B�+�i�Q�` �B�K�T�H�2�K�2�M�i�2�/ �B�M �� �+���H�+�m�H���i�Q�` �`�2�+�Q�M�b�i�`�m�+�i�b �i�?�2 �/�B�b�+�`�2�i�2 �m�T�T�2�` ���M�/ �H�Q�r�2�` �#�Q�m�M�/�b �Q�7 �i�?�2

�b�i���i�2�b �Uz( t k
T ) ���M�/z( t k

T ) �V ���7�i�2�` �� �}�M�B�i�2 �i�B�K�2tk = d �m�b�B�M�; �i�?�2 �m�T�T�2�`�@�/�2�H���v�2�/ �/�2�p�B���i�B�Q�M�bz( t k
T � d

T ) �-z( t k
T � d

T ) �X

�_�2�K���`�F �R�6�Q�` �i�?�2 �b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v�- �i�?�2 �M�2�i�r�Q�`�F �H�B�M�F�b ��� �̀2 �b�m�T�T�Q�b�2�/ �i�Q �#�2 �M�Q�B�b�2�H�2�b�b�- ���M�/ �i�?�2� �̀2 ��� �̀2 �M�Q �/���i��

�H�Q�b�2�b�X �h�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b � �̀��i�?�2�` � �̀2�b�i�`�B�+�i�B�p�2�X �S���+�F�2�i �/� �̀Q�T�Q�m�i�b ��� �̀2 � �̀��M�/�Q�K�- �i�B�K�2 �p���`�v�B�M�; ���M�/ �M�Q �`�m�H�2�b �i�Q �7�Q�H�H�Q�r�X

�A�i �B�b �M�Q�i �Q�#�p�B�Q�m�b �i�Q �/�2���H �r�B�i�? �B�i �i�Q�;�2�i�?�2�` �r�B�i�? � �̀��M�/�Q�K �i�B�K�2 �/�2�H���v�b �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�`�f�T� �̀2�/�B�+�i�Q�`

�/�2�b�B�;�M�X �q�2 �r�B�H�H �+�Q�M�b�B�/�2�` �T���+�F���;�2 �/� �̀Q�T�Q�m�i ���b �� �7�m�i�m� �̀2 �r�Q�`�F�X

�9�X �A�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �/�2�b�B�;�M

�q�?�B�H�2 �+�H���b�b�B�+���H �2�b�i�B�K���i�B�Q�M �+���M �#�2 �2�b�i���#�H�B�b�?�2�/ �Q�M�H�v �r�?�2�M �i�?�2 �/�v�M���K�B�+�b �Q�7 �T�`�Q�+�2�b�b �/�B�b�i�m�`�#���M�+�2�bw(t) ���M�/ �i�?�2

�K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�bv(t) ���`�2 �F�M�Q�r�M �� �T�`�B�Q�`�B�- �B�M�i�2�`�p���H �2�b�i�B�K���i�B�Q�M �`�2�[�m�B�`�2�b �Q�M�H�v �i�?�2 �#�Q�m�M�/�b �Q�7 �i�?�2�b�2 �m�M�+�2�`�i���B�M�i�B�2�b

�i�Q �+�Q�K�T�m�i�2 �i�?�2 �;�m���`���M�i�2�2�/ �b�2�i �Q�7 ���/�K�B�b�b�B�#�H�2 �p���H�m�2�b �U�B�M�i�2�`�p���H�V�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- ���M �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �/�2�b�B�;�M �B�b

�i���+�F�H�2�/ �i�Q �2�b�i�B�K���i�2 �i�?�2 �m�M���p���B�H���#�H�2 �b�i���i�2�b �Q�7 �i�?�2 �T�?�v�b�B�+���H �T�H���M�i �U�R�y�V �m�M�/�2�` �m�M�F�M�Q�r�M �B�M�T�m�i �/�2�H���vda(t) ���M�/

�m�M�+�2�`�i���B�M�i�B�2�b �U�B�X�2 �i�?�2 �/�B�b�i�m�`�#���M�+�2�bw(t) ���M�/ �i�?�2 �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�bv(t) �V�X �a�B�M�+�2 �B�i �B�b �M�Q�i ���H�r���v�b �T�Q�b�b�B�#�H�2 �i�Q

�+�Q�K�T�m�i�2 �� �;���B�ML �7�Q�` �i�?�2 �b�v�b�i�2�K �U�R�y�V �b�m�+�? �i�?���iA � LC �B�b �#�Q�i�? �J�2�i�x�H�2�` ���M�/ �>�m�`�r�B�i�x�- �� �+�?���M�;�2 �Q�7 �+�Q�Q�`�/�B�M���i�2�b

� = Sx �r�B�i�? �� �M�Q�M�b�B�M�;�m�H���` �K���i�`�B�tS �b�m�+�? �i�?���i �i�?�2 �K���i�`�B�tS(A � LC )S� 1 2 H \ M �(�R�3�) �B�b �m�b�2�/ �i�Q �`�2�H���t �i�?�B�b

�`�2�b�i�`�B�+�i�B�Q�M�X

�h�?�2�Q�`�2�K �R�G�2�i ���b�b�m�K�T�i�B�Q�M�b�R���j �#�2 �b���i�B�b�}�2�/ ���M�/x0 � x0 � x0 �X �A�7 �i�?�2� �̀2 �2�t�B�b�i�b �� �+�?���M�;�2 �Q�7 �+�Q�Q� �̀/�B�M���i�2�b� = Sx

�b���i�B�b�7�v�B�M�;E = S(A � LC )P 2 H \ M �- P = S� 1 �b�Q �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K

� _̂x+ (t) = Ex̂+ (t) + SF(u(t � d); y(t)) + SLy(t) + S+ w � S� w + jSLj EpV ;
_̂x � (t) = Ex̂ � (t) + SF(u(t � d); y(t)) + SLy(t) + S+ w � S� w � j SLj EpV ;

�U�R�R�V

�r�?�2� �̀2
8
><

>:

SF(u(t � d); y(t)) = max
� 2 [0;d� d]

f SF(u(t � d � � ); y(t))g;

SF(u(t � d); y(t)) = min
� 2 [0;d� d]

f SF(u(t � d � � ); y(t))g;
�U�R�k�V

�R�k�k�8



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

���M�/ �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ��� �̀2 �b�2�H�2�+�i�2�/ ���b �7�Q�H�H�Q�r�b�,

x̂+ (0) = S+ x0 � S� x0; x̂ � (0) = S+ x0 � S� x0; �U�R�j�V

�B�b �B�M�T�m�i�@�i�Q�@�b�i���i�2 �b�i���#�H�2 �U�A�a�a�V �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �7�Q�` �i�?�2 �b�v�b�i�2�K �U�R�y�V �b���i�B�b�7�v�B�M�;

x̂ � (t) � � (t) � x̂+ (t); 8t � 0 �U�R�9�V

�r�?�2� �̀2 �i�?�2 �#�Q�m�M�/�b �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�Mx(t) ��� �̀2�,

�
x(t) = P+ x̂+ (t) � P � x̂ � (t)
x(t) = P+ x̂ � (t) � P � x̂+ (t)

�U�R�8�V

�b�m�+�? �i�?���i
x(t) � x(t) � x(t); 8t � 0: �U�R�e�V

2

�S�`�Q�Q�7 �R�6�B�`�b�i�- �H�2�i �m�b �b�i���`�i �#�v �/�2�K�Q�M�b�i� �̀��i�B�M�; �i�?���i �i�?�2 �b�v�b�i�2�K �U�R�R�V �B�b �� �7� �̀��K�2�` �7�Q�` �i�?�2 �T�H���M�i �U�R�y�V �;�m��� �̀��M�i�2�2�B�M�; �i�?���i

�B�M�+�H�m�b�B�Q�M �U�R�e�V �?�Q�H�/�b8t � 0�X �.�2�M�Q�i�2 �#�ve(t) = x̂+ (t) � � (t) �i�?�2 �m�T�T�2�` �Q�#�b�2�`�p���i�B�Q�M �2�`� �̀Q�` ���M�/e(t) = � (t) � x̂ � (t)

�i�?�2 �H�Q�r�2�` �Q�#�b�2�`�p���i�B�Q�M �2�`� �̀Q�`�- �r�2 ���B�K �i�Q �b�?�Q�r �i�?���ie(t) � 0 ���M�/e(t) � 0; 8t � 0�X

�6� �̀Q�K �U�R�y�V ���M�/ �U�R�R�V �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �B�M�i�2�`�p���H �2�b�i�B�K���i�B�Q�M �2�`� �̀Q�`�b ��� �̀2 �/�2�}�M�2�/ ���b�,

_e(t) = Ee(t) + SF(u(t � d); y(t)) �U�R�d�V

� SF(u(t � da(t)) ; y(t)) + �( t);

_e(t) = Ee(t) + SF(u(t � da(t)) ; y(t)) �U�R�3�V

� SF(u(t � d); y(t)) + � (t);

�r�?�2� �̀2
�

�( t) = S+ w � S� w � Sw(t) + SLv(t) + jSLj EpV ;
� (t) = S+ w � S� w + Sw(t) � SLv(t) + jSLj EpV :

�U�R�N�V

���+�+�Q� �̀/�B�M�; �i�Q ���b�b�m�K�T�i�B�Q�M�k�- �r�2 �?���p�2�( t) � 0 ���M�/� (t) � 0; 8t � 0�X �6�m�`�i�?�2�`�K�Q� �̀2�- �i�?�2 �7�m�M�+�i�B�Q�MF (u(t); y(t))

�B�b �;�H�Q�#���H�H�v �G�B�T�b�?�B�i�x�- �b�QSF(u(t � da(t)) ; y(t)) �B�b �/�2�}�M�2�/ �7�Q�` ���H�Ht � 0 �#�2�+���m�b�2u �B�b �+�Q�M�i�B�M�m�Q�m�b�X �"�v �i�?�2 �/�2�}�M�B�i�B�Q�M

�B�M�U�R�k�V�- SF(u(t � d); y(t)) ���M�/SF(u(t � d); y(t)) ��� �̀2 ���H�b�Q �/�2�}�M�2�/ �7�Q�` ���H�Ht � 0�X

���/�/�B�i�B�Q�M���H�H�v�-E 2 M �- SF(u(t � d); y(t)) � SF(u(t � da(t)) ; y(t)) ���M�/SF(u(t � da(t)) ; y(t)) � SF(u(t �

d); y(t)) ��� �̀2 �T�Q�b�B�i�B�p�2 �i�?�2�M�- �i�?�2 �b�v�b�i�2�K �U�R�d�V �B�b �T�Q�b�B�i�B�p�2�X �h�?�2� �̀2�7�Q� �̀2�- �i�?�2 �B�M�2�[�m���H�B�i�B�2�be(0) � 0; e(0) � 0 �B�K�T�H�v �i�?���i

�i�?�2 �2�`� �̀Q�`�be(t) ���M�/e(t) �b�i���v �M�Q�M�M�2�;���i�B�p�2 �7�Q�` ���H�Ht � 0: �a�Q�- �U�R�R�V �B�b �� �7� �̀��K�2�` �7�Q�` �U�R�y�V�X

�L�2�t�i�- �r�2 �r�B�H�H �T� �̀Q�p�2 �i�?�2 �A�M�T�m�i �i�Q �a�i���i�2 �a�i���#�B�H�B�i�v �Q�7 �i�?�2 �Q�#�b�2�`�p�2�` �U�R�R�V�X �G�2�i �m�b �b�i���`�i �r�B�i�? �i�?�2 �m�T�T�2�` �#�Q�m�M�/

�2�`� �̀Q�` �U�R�d�V�- �#�v �B�M�i�2�;� �̀��i�B�M�; �i�?�B�b �b�v�b�i�2�K �#�2�i�r�2�2�M0 ���M�/t �- �r�2 �Q�#�i���B�M

e(t) = eEt e(0) +
Z t

0
eE(t � s) (SF(u(s � d); y(s)) � SF(u(s � da(s)) ; y(s))) ds �U�k�y�V

+
Z t

0
eE(t � s) �( s) ds:

�R�k�k�e



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�q�2 �?���p�2E 2 H �- �i�?�m�b �i�?�2� �̀2 �2�t�B�b�ia > 0 ���M�/b > 0 �b�m�+�? �i�?���i

�
�eEt

�
� � ae� bt : �U�k�R�V

�h�?�2�M�- �#���b�2�/ �Q�M �1�[�m���i�B�Q�M �U�k�y�V �r�2 �;�2�i

je(t)j � ae� bt je(0)j

+ a
Z t

0
e� b( t � s) (SF(u(s � d); y(s)) � SF(u(s � da(s)) ; y(s))) ds �U�k�k�V

+ a
Z t

0
e� b( t � s) �( s)ds

je(t)j � ae� bt je(0)j

+ ae� bt (
Z t

0
ebs(SF(u(s � d); y(s)) � SF(u(s � da(s)) ; y(s))) ds �U�k�j�V

+
Z t

0
ebs�( s)ds):

�q�2 �?���p�2SF(u(t � d); y(t)) � SF(u(t � da(t)) ; y(t)) ���M�/� ��� �̀2 �#�Q�m�M�/�2�/8t � 0 �i�?�2�M�- ���+�+�Q� �̀/�B�M�; �i�Q �.�2�}�M�B�i�B�Q�M�k�-

�i�?�2 �A�a�a �+�Q�M�/�B�i�B�Q�M �Q�7 �b�i���#�B�H�B�i�v �B�b �;�m��� �̀��M�i�2�2�/ �7�Q�` �i�?�2 �m�T�T�2�` �Q�#�b�2�`�p�2�` �#�Q�m�M�/�X

�a�B�K�B�H���` �i�Q �U�R�d�V�- �i�?�2 �B�M�i�2�;� �̀��i�B�Q�M �Q�7 �1�[�m���i�B�Q�M �U�R�3�V �#�2�i�r�2�2�M0 ���M�/t �v�B�2�H�/�b �i�?�2 �M�2�t�i �2�[�m���i�B�Q�M�,

e(t) = eEt e(0)

+
Z t

0
eE(t � s) (SF(u(s � da(s)) ; y(s)) � SF(u(s � d); y(s))) ds �U�k�9�V

+
Z t

0
eE(t � s) � (s) ds:

�l�b�B�M�; �T� �̀Q�T�2�`�i�v �U�k�R�V ���M�/ �#���b�2�/ �Q�M �1�[�m���i�B�Q�M �U�k�9�V �r�2 �?���p�2

je(t)j � ae� bt je(0)j

+ ae� bt (
Z t

0
ebs(SF(u(s � da(s)) ; y(s)) � SF(u(s � d); y(s))ds �U�k�8�V

+
Z t

0
ebs�( s)ds):

�a�B�M�+�2SF(u(t � da(t)) ; y(t)) � SF(u(t � d); y(t)) ���M�/� ��� �̀2 �#�Q�m�M�/�2�/8t � 0 �i�?�2�M�- ���+�+�Q� �̀/�B�M�; �i�Q �.�2�}�M�B�i�B�Q�M�k�- �i�?�2

�A�a�a �+�Q�M�/�B�i�B�Q�M �Q�7 �b�i���#�B�H�B�i�v �B�b �;�m��� �̀��M�i�2�2�/ ���H�b�Q �7�Q�` �i�?�2 �H�Q�r�2�` �b�i���i�2 �Q�#�b�2�`�p���i�B�Q�M �2�`� �̀Q�`�X

�6� �̀Q�K �U�k�j�V ���M�/ �U�k�8�V�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i �U�R�R�V �B�b ���M �B�M�i�2�`�p���H �2�b�i�B�K���i�Q�` �7�Q�` �U�R�y�V�X �"�v �+�Q�M�b�2�[�m�2�M�+�2�- �b�B�M�+�2 �i�?�2

�i� �̀��M�b�7�Q�`�K���i�B�Q�M �Q�7 �+�Q�Q� �̀/�B�M���i�2�b �K���i�`�B�tS �B�b �#�Q�m�M�/�2�/�- �B�i �7�Q�H�H�Q�r�b �i�?���i �U�R�R�V �B�b �� �A�a�a �B�M�i�2�`�p���H �2�b�i�B�K���i�Q�` �7�Q�` �i�?�2 �T� �̀Q�+�2�b�b

�U�R�y�V�X 2

�R�k�k�d



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�8�X �a�i���i�2 �T�`�2�/�B�+�i�Q�` �/�2�b�B�;�M

�A�M �i�?�B�b �T���`�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �T�`�2�/�B�+�i�Q�` ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X ���7�i�2�` �#�2�B�M�; �2�b�i�B�K���i�2�/ �#�v �i�?�2 �B�M�i�2�`�p���H

�Q�#�b�2�`�p�2�` �U�R�8�V �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �i�?�2 �Q�#�b�2�`�p�2�/ �b�i���i�2�bx(t) ���M�/x(t) �r�B�H�H �#�2 �b�2�M�i �p�B�� �i�?�2 �/�2�H���v�2�/ �M�2�i�r�Q�`�F �i�Q

�i�?�2 �b�2�+�Q�M�/ �m�M�B�i �U�b�2�2 �6�B�;�m�`�2�k�V�X �h�?�m�b�- �i�?�2 �b�2�+�Q�M�/ �m�M�B�i �`�2�+�2�B�p�2�b �/�2�H���v�2�/ �Q�#�b�2�`�p�2�/ �b�i���i�2�b �B�M�b�i�2���/ �Q�7 �i�?�2 �+�m�`�`�2�M�i

�Q�M�2�b�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �`�2���H�@�i�B�K�2 �b�m�T�2�`�p�B�b�B�Q�M �;�Q���H �+���M�M�Q�i �#�2 ���`�+�?�B�p�2�/ �B�M �i�?�B�b �+���b�2�X

���b �� �b�Q�H�m�i�B�Q�M�- �� �T�`�2�/�B�+�i�B�Q�M �i�2�+�?�M�B�[�m�2 �B�b �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �T���`�i �i�Q �+�Q�K�T�2�M�b���i�2 �i�?�B�b �M�2�i�r�Q�`�F �M�2�;���i�B�p�2

�B�K�T�2�`�7�2�+�i�B�Q�M �U�B�X�2�X �i�?�2 �H���`�;�2 �m�M�F�M�Q�r�M �M�2�i�r�Q�`�F �B�M�/�m�+�2�/ �/�2�H���vdm (tk ) �V�X �h�?�2 �K���B�M �B�/�2�� �Q�7 �i�?�B�b �b�i���i�2 �T�`�2�/�B�+�i�Q�`

�B�b �b�B�K�B�H���` �i�Q �i�?�2 �Q�M�2 �m�b�2�/ �B�M �(�R�j�) ���M�/ ���b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �i�B�K�2 �b�+�2�M���`�B�Q �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�j�X �"���b�2�/ �Q�M �i�?�2

�/�2�H���v�2�/ �/���i��z( t k
T � d

T ) �- z( t k
T � d

T ) �- �r�2 �r�B�H�H �`�2�+�Q�M�b�i�`�m�+�iz( t k
T ) �- z( t k

T ) ���7�i�2�` �� �}�M�B�i�2 �i�B�K�2tk = d�X

���b�b�m�K�T�i�B�Q�M �e�h�?�2 �b���K�T�H�B�M�; �T�2�`�B�Q�/T �B�b �b�2�H�2�+�i�2�/ �b�m�+�? �i�?���i �i�?�2 �K���i�`�B�t� = I n + TE �B�b �T�Q�b�B�i�B�p�2�X

�h�?�2�Q�`�2�K �k�A�7 ���b�b�m�K�T�i�B�Q�M�b �U�9�V���U�e�V �?�Q�H�/ �7�Q�` ���H�Htk � d�- �i�?�m�b �r�2 �;�2�i�,

ẑ+ (k) = � k2 ẑ+ (k � k2)

+
k2X

j =1

� k2 � j TSF(u(k � k1 � k2 + j � 1);y(k � k2 + j � 1)) �U�k�e�V

+
k2X

j =1

� k2 � j L 1y(k � k2 + j � 1) +
k2X

j =1

� k2 � j �;

ẑ� (k) = � k2 ẑ� (k � k2)

+
k2X

j =1

� k2 � j TSF(u(k � k1 � k2 + j � 1);y(k � k2 + j � 1)) �U�k�d�V

+
k2X

j =1

� k2 � j L 1y(k � k2 + j � 1) +
k2X

j =1

� k2 � j � ;

�r�?�2� �̀2j = 1 ; 2; 3; :::; k2 �- k = t k
T �- k1 =

j
d
T

k
���M�/k2 = d

T �- � = ( I n + TE) �- L 1 = TSL �- � = T(S+ w � S� w +

jSLj EpV) �- � = T(S+ w � S� w � j SLj EpV) ���M�/

�
z(k) = S+ ẑ+ (k) � S� ẑ� (k)
z(k) = S+ ẑ� (k) � S� ẑ+ (k)

�U�k�3�V

��� �̀2 �� �T� �̀2�/�B�+�i�Q�` �7� �̀Q�K �i�?�2 �b���K�T�H�B�M�; �B�M�b�i���M�i �Q�7 �i�B�K�2k � k2 �i�Qk �7�Q�` �i�?�2 �T�?�v�b�B�+���H �T�H���M�i�U�R�y�V�B�X�2�Xz ! x ���M�/z ! x

�7�Q�` ���H�H �b���K�T�H�B�M�; �B�M�b�i���M�itk � d ���M�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�+�H�m�b�B�Q�M �?�Q�H�/�b

z(
tk

T
) � x(

tk

T
) � z(

tk

T
); tk � d: �U�k�N�V

2

�R�k�k�3



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

�S�`�Q�Q�7 �k�.�m�2 �i�?���i �b���K�T�H�B�M�; �b�i���;�2 �B�b �2�b�b�2�M�i�B���H �#�2�7�Q� �̀2 �/���i�� �i� �̀��M�b�K�B�b�b�B�Q�M �i�?� �̀Q�m�;�? �/�B�;�B�i���H �H�B�M�F�b�- �i�?�2 �B�M�i�2�`�p���H �Q�#�b�2�`�p�2�`

�U�R�R�V �b�?�Q�m�H�/ �#�2 � �̀2�r�`�B�i�i�2�M �m�M�/�2�` �B�i�b �/�B�b�+� �̀2�i�2�@�i�B�K�2 �7�Q�`�K�X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�- ���M �1�m�H�2�` ���T�T� �̀Q�t�B�K���i�B�Q�M �r�B�i�? �i�?�2 �b���K�T�H�B�M�;

�T�2�`�B�Q�/T �B�b �m�b�2�/ ���b �#�2�H�Q�r�,

�
ẑ+ (k + 1) = �^ z+ (k) + TSF(u(k � k1); y(k)) + L 1y(k) + �;
ẑ� (k + 1) = �^ z� (k) + TSF(u(k � k1); y(k)) + L 1y(k) + � :

�U�j�y�V

�a�i���`�i�B�M�; �#�v �i�?�2 �m�T�T�2�` �T� �̀2�/�B�+�i�Q�`�- �7� �̀Q�K �U�j�y�V ���M�/ �#���b�2�/ �Q�M �i�?�2 �B�M�7�Q�`�K���i�B�Q�M � �̀2�+�2�B�p�2�/ ���ik � k2 �- �i�?�2 �b�i���i�2 �T� �̀2�/�B�+�i�B�Q�M

�7� �̀Q�Kk � k2 + 1 �i�Qk ��� �̀2 �+�Q�K�T�m�i�2�/ �b�m�+�+�2�b�b�B�p�2�H�v ���b

ẑ+ (k � k2 + 1) = �^ z+ (k � k2)

+ TSF(u(k � k1 � k2); y(k � k2)) �U�j�R�V

+ L 1y(k � k2) + �

ẑ+ (k � k2 + 2) = �^ z+ (k � k2 + 1)

+ TSF(u(k � k1 � k2 + 1) ; y(k � k2 + 1)) �U�j�k�V

+ L 1y(k � k2 + 1) + �

�X�X�X

ẑ+ (k) = �^ z+ (k � 1)

+ TSF(u(k � k1 � 1); y(k � 1)) �U�j�j�V

+ L 1y(k � 1) + �

�6� �̀Q�K �i�?�2�b�2 �T� �̀2�p�B�Q�m�b �2�[�m���H�B�i�B�2�b ���b �B�M �(�R�j�)�- �r�2 �Q�#�i���B�M �U�k�e�V�X �6�Q�H�H�Q�r�B�M�; �i�?�2 �b���K�2 �b�i�2�T�b ���b �B�M �i�?�2 �m�T�T�2�` �T� �̀2�/�B�+�i�Q�`�-

�i�?�2 �H�Q�r�2�` �T� �̀2�/�B�+�i�Q�`ẑ� (k) ���b �B�M �U�k�d�V�X �h�?�2�M �U�k�e�V �B�b �� �T� �̀2�/�B�+�i�Q�` �7� �̀Q�Kk � k2 �i�Qk �Q�7 �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �Q�7 �B�M�i�2�`�p���H

�Q�#�b�2�`�p�2�` �U�R�R�V �B�M �i�?�2 �M�2�r �#���b�B�b� �cẑ+ ! x̂+ ���7�i�2�` �� �}�t�2�/ �i�B�K�2tk = d�X �a�B�K�B�H���` �i�Q �i�?�2 �H�Q�r�2�` �#�Q�m�M�/ �Q�7 �i�?�2 �B�M�i�2�`�p���H

�Q�#�b�2�`�p�2�` �U�R�R�V�- �r�2 �;�2�iẑ� ! x̂ � �X

�*�Q�M�b�2�[�m�2�M�i�H�v�- ���7�i�2�` �i�?�2 �+�?���M�;�2 �Q�7 �+�Q�Q� �̀/�B�M���i�2�bS�- �r�2 �+���M �+�Q�M�}�`�K �i�?���iz ! x ���M�/z ! x �X ���b �� � �̀2�b�m�H�i�-

�i�?�2 �T� �̀Q�T�Q�b�2�/ �T� �̀2�/�B�+�i�Q�` �+�Q�K�T�2�M�b���i�2�b �i�?�2 �/�2�H���vdm (k) �7�Q�` ���H�Htk � d�X �h�?�2�M�- �i�?�2 �B�M�+�H�m�b�B�Q�M �U�k�N�V �B�b �2�t�T�H���B�M�2�/ ���b

�7�Q�H�H�Q�r�b�X �h�?�2 �+�?���M�;�2 �Q�7 �+�Q�Q� �̀/�B�M���i�2 �B�M �i�?�2 �T� �̀2�p�B�Q�m�b �b�2�+�i�B�Q�M �2�M�b�m� �̀2�b �i�?�2 �+�Q�Q�T�2� �̀��i�B�p�B�i�v �Q�7 �i�?�2 �Q�#�b�2�`�p�2�` �2�`� �̀Q�` �B�X�2�XE

�B�b �J�2�i�x�H�2�`�- �#�v �+�Q�M�b�2�[�m�2�M�+�2� �B�b ���H�b�Q �� �J�2�i�x�H�2�` �K���i�`�B�t�X �h�?�2� �̀2�7�Q� �̀2�- �i�?�2� �̀2 �2�t�B�b�i�bT �b�m�+�? �i�?���i �i�?�2 �K���i�`�B�t� �B�b

�T�Q�b�B�i�B�p�2 �7�Q�` ���H�Htk � d ���M�/ �i�?�2 �B�M�+�H�m�b�B�Q�M �U�k�N�V �?�Q�H�/�b�X �6�B�M���H�H�v�- �i�?�2 �+�m�`� �̀2�M�i �Q�#�b�2�`�p�2�/ �b�i���i�2�b ��� �̀2 � �̀2�;�2�M�2� �̀��i�2�/ ���M�/ �i�?�2

�/�2�b�B�;�M�2�/ �b�v�b�i�2�K �U�k�3�V �B�b �� �T� �̀2�/�B�+�i�Q�` �7�Q�` �i�?�2 � �̀2�K�Q�i�2 �T�?�v�b�B�+���H �T�H���M�i �U�R�y�V�X 2

�e�X �L�m�K�2�`�B�+���H �2�t�2�K�T�H�2

�h�Q �T�`�Q�p�2 �i�?�2 �2�{�+�B�2�M�+�v �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �� �M�Q�M�H�B�M�2���` �T�H���M�i �Q�7 �i�?�2 �7�Q�`�K �U�e�V �r�?�2�`�2

A =

0

@
� 3:5000 0 0:5000

0 � 2:7540 0
0 0 � 1:2000

1

A �-F (u(t); y(t)) =

0

@
sin(u(t))

1:5 sin(u(t)y(t))
2 sin(u(t))

1

A �-C =
�

0 0 1
�

�-

�R�k�k�N



�L���C�C���_ �2�i ���H�X�f�h�m�`�F �C �1�H�2�+ �1�M�; �� �*�Q�K�T �a�+�B

w(t) = [0 :1 cos(2t) 0:1sin (3t) 0:1 cos(4t)]T �-w = [0 :1 0:1 0:1]T �-w = � w ���M�/

v(t) = 0 :2 cos(t) cos(5t) sin(10t) sin(20t) �r�B�i�?V = 0 :2�X

�A�i �B�b �+�H�2���` �i�?���i �i�?�2 �7�m�M�+�i�B�Q�MF (u(t); y(t)) �B�b �;�H�Q�#���H�H�v �G�B�T�b�+�?�B�i�x�X �a�B�M�+�2 �B�i �B�b �b�m�T�2�`�p�B�b�2�/ �p�B�� �� �M�2�i�r�Q�`�F

�B�M�/�m�+�B�M�; �m�M�+�2�`�i���B�M �/�2�H���v�b�- �i�?�2 �b�v�b�i�2�K �U�e�V �r�B�H�H �#�2 �/�2�b�+�`�B�#�2�/ ���b �U�R�y�V ���M�/ �Q�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �b�m�T�2�`�p�B�b�2 �`�2�K�Q�i�2�H�v

�i�?�B�b �H���i�i�2�` �p�B�� �i�?�2 �M�2�i�r�Q�`�F�X
�h�?�2 �B�M�T�m�i �b�B�;�M���H �/�2�H�B�p�2�`�2�/ �#�v �i�?�2 �A�X�a�X�S�X�: ���M�/ �i�?�2 �Q�m�i�T�m�i �b�B�;�M���H �Q�7 �i�?�2 �b�v�b�i�2�K �U�R�y�V ���`�2 �/�2�T�B�+�i�2�/ �B�M �6�B�;�m�`�2

�j�X
�L�2�i�r�Q�`�F �T�`�Q�T�`�B�2�i�B�2�b�,�h�?�2 �M�2�i�r�Q�`�F �B�M�/�m�+�2�b �m�M�+�2�`�i���B�M �#�m�i �#�Q�m�M�/�2�/ �/�2�H���v�b ���b �/�2�b�+�`�B�#�2�/ �#�v �U�3�V �B�M �i�?�2

�7�Q�`�r���`�/ ���M�/ �#���+�F�r���`�/ �+�?���M�M�2�H�b�X �h�?�2�b�2 �#�Q�m�M�/�b ���`�2d = 0 :05s�-d = 0 :1s ���M�/ �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �/�2�H���v�b �B�b �b�?�Q�r�M

�B�M �6�B�;�m�`�2�9�r�B�i�? �i�?�2 �/�B�b�i�m�`�#���M�+�2�b ���M�/ �i�?�2 �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�X �h�?�2 �b���K�T�H�B�M�; �T�2�`�B�Q�/ �B�b �;�B�p�2�M �#�vT = 0 :01s�X

�6�B�;�m�`�2 �j�X�a�v�b�i�2�K �B�M�T�m�i ���M�/ �Q�m�i�T�m�i�X

�A�M�i�2�`�p���H �Q�#�b�2�`�p�2�` �/�2�b�B�;�M�,�h�Q �/�2�b�B�;�M �� �H�Q�+���H �B�M�i�2�`�p���H �2�b�i�B�K���i�Q�` �7�Q�` �i�?�2 �T�H���M�i �b�i���i�2�b�- �� �;���B�ML �B�b

�+�Q�K�T�m�i�2�/ �b���i�B�b�7�v�B�M�;A � LC 2 H �B�X�2�XL =
�

� 10 0 0
� T
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